Available online at www.sciencedirect.com

SCIENOE@DIRECT@ ICARUS

PRESS Icarus 164 (2003) 428-460

www.elsevier.com/locate/icarus

Photometric modeling of Saturn’s rings
|. Monte Carlo method and the effect of nonzero volume filling factor

Heikki Salo* and Raine Karjalainen

Department of Physical Sciences, Astronomy Division, University of Oulu, PO Box 3000, FIN-90014 Oulun yliopisto, Finland
Received 1 November 2001; revised 21 March 2003

Abstract

The scattering properties of particulate rings with volume filling factors in the intérval0.001-0.3 are studied, with photometric Monte
Carlo ray tracing simulations combining the advantages of direct (photons followed from the source) and indirect methods (brightness as
seen from the observing direction). Besides vertically homogeneous models, ranging from monolayers to classical many-particle thick rings
particle distributions obtained from dynamical simulations are studied, possessing a nonuniform vertical profile and a power law distribution
of particle sizes. Self-gravity is not included to assure homogeneity in planar directions. Our main goal is to check whether the moderately
flattened ring models predicted by dynamical simulations (with central ghared.1) are consistent with the basic photometric properties of
Saturn’s rings seen in ground-based observations, including the brightening near zero phase angle (opposition effect), and the brightening
the B-ring with increasing elevation angle (tilt effect). Our photometric simulations indicate that dense rings are typically brighter in reflected
light than those withD — 0, due to enhanced single scattering. For a vertically illuminated layer of identical particles this enhancement
amounts at intermediate viewing elevations to roughly 2D. Increased single scattering is also obtained for low elevation illumination,
further augmented at low phase angleby the opposition brightening wheh increases: the simulated opposition effect agrees very well
with the Lumme and Bowell (1981, Astron. J. 86, 1694—1704) theoretical formula. Fordatgetotal intensity may also decrease, due to
reduced amount of multiple scattering. For the lan={ 13°) and high ¢ = 155°) phase angle geometries analyzed in Dones et al. (1993,
Icarus 105, 184-215) the brightness changdfet 0.1 amounts to 20% and17%, respectively. In the case of an extended size distribution,
dynamical simulations indicate that the smallest particles typically occupy a layer several times thicker than the largest particles. Even if the
large particles form a dynamically dense system, a narrow opposition peak can arise due to mutual shadowing among the small particle:
for example, a size distribution extending about two decades can account for the observed abdetdpposition peak, solely in terms of
mutual shadowing. The reduced width of the opposition peak for extended size distribution is in accordance with Hapke’s (1986, Icarus 67,
264-280) treatment for semi-infinite layers. Due to vertical profile and particle size distribution, the photometric behavior is sensitive to the
viewing elevation: this can account for the tilt-effect of the B-ring, as dense and thus bright central parts of the ring become better visible
for larger elevation, whereas in the case of smaller elevation, mainly low volume density upper layers are visible. Since multiple scattering is
not involved, the explanation works also for albedo well below unity. Inclusion of nonzero volume density helps also to model some of the
Voyager observations. For example, the discrepancy between predicted and observed brightness at large phase angles for much of the A-ri
(Dones et al., 1993, Icarus 105, 184-215) is removed when the enhancedsiogle scattering and reduced largenultiple scattering
is allowed for. Also, a model with vertical thickness increasing with saturnocentric distance offers at least a qualitative explanation for the
observed contrast reversal between the inner and outer A-ring in low and high phase Voyager images. Differences in local size distributior
and thus on the effectiv® may also account for the contrast reversal in resonance sites.
0 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Dynamical models for the collisional steady-state in plan-
etary rings suggest the rings to be fairly flattened, with ver-
tical thickness well below the observational (Lane et al.,

* Corresponding author. 1982) upper limit of~ 200 m. For example, s?mulations
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(1984) laboratory measurements indicate a ring thickness oflations in Dones et al. (1989), implying significant bright-
only a few tens of meters at most, when the particles’ size ening of a monolayer model in comparison to a many parti-
distribution is included (Salo, 1992b). The largest meter- cle thick multilayer. Increased brightness was also obtained
sized particles, where most of the ring mass resides, areby Peltoniemi and Lumme (1992) in their study of closely
expected to be even more concentrated to the central planepacked particulate media. Nevertheless, systematic study of
These simulation thickness estimates are consistent withthe effects of finite ring thickness, or equivalently, of volume
the various estimates of local velocity dispersion in reso- filling factor significantly exceeding zero, is still missing.
nance locations, suggesting a vertical thickness of 10-100 mEspecially important would be to address whether dynam-
(see Cuzzi et al., 1984). For optical depths near unity, dy- ical models of moderately flattened rings, falling between
namical models imply central plane volume filling factors the above mentioned two extremes (a 2D monolayer and a
D(0) ~ 0.1-0.3. For such highly flattened ring models the thick multilayer) would be consistent with the opposition
mutual self-gravity between particles becomes significant, brightening and the tilt-angle behavior. Dynamical models
leading to the formation of local gravitational wakes (Salo also differ from the previously studied multilayer models in
1992a, 1995; Richardson, 1994; Daisaka and Ida, 1999;having a vertically nonuniform density profile.
Ohtsuki and Emori, 2000), essentially similar to Julian and  We have recently developed a new photometric code
Toomre (1966) wakes in stellar systems. Dynamical wakes, for calculation of scattering properties of arbitrary particle
trailing by about 20 with respect to the local tangential fields, with no restrictions on volume density. Especially, the
direction, provide a plausible candidate for the observed bi- method can be directly applied to calculate the photomet-
symmetric azimuthal brightness variations in the outer parts ric properties of the nonuniform particle distributions pre-
of Saturn’s rings (Franklin et al., 1987; Dones et al., 1993). dicted by self-gravitating dynamical simulations, which was
In the wakes the volume filling factor is further enhanced. the main motivation behind its development. The method is
Practically all photometric modeling of Saturn’s rings has based on Monte Carlo ray-tracing, combining the advantages
been done in the framework of classical radiative transfer, of both the direct and indirect methods (forward from the
assuming that the rings are a thick homogeneous multilayerlight source and backward from the viewing point, respec-
of particles, with a very small volume filling factor (par- tively), which makes it possible to treat 40L(P simulation
ticle separations much larger than their diameters). Stud- particles with a very small statistical uncertainty of the re-
ies of interparticle shadowing in homogeneous ring mod- sults. Preliminary application to the azimuthal brightness
els (Lumme et al., 1983) have indicated that a volume fill- asymmetry has already been reported (Salo and Karjalainen,
ing factor D ~ 0.02 would explain the observed B-ring 1999; Salo et al., 2000; French et al., 2000), demonstrating
opposition-effect, i.e., the increase in the amount of re- the viability of dynamical wakes as a cause of the observed
flected light when the rings are viewed close to zero phase-asymmetry. Similar suggestion has been recently made by
angle (Sun-ring-observer angle). Likewise, the same models(Porco et al., 2001). In the present manuscript we concen-
as well as those withD = 0 (Lumme and Irvine, 1976; trate on systems which have planar homogeneity (i.e., self-
Esposito and Lumme, 1977) can explain the brightening gravity is not included), to check that large dynamical
of the B-ring with an increasing ring opening angle (“tilt- models which lead to wakes in the outer parts of Saturn’s
effect”), in terms of multiple scattering, provided that the rings fulfill the basic photometric constraints set by ground-
particle albedo is close to unity. The only other model stud- based observations.
ied in detail (Hameen-Anttila and Vaaraniemi, 1975) has  The Monte Carlo code is described in detail in Section 2,
been the extreme monolayer (a 2D distribution of parti- while Section 3 tests it against previous classical calcula-
cles), which, however, fails to reproduce correctly the above- tions, and infers some general effects of nonzero volume
mentioned two basic observational phenomena (see Cuzzi etlensity on singly and multiply scattered intensities. In Sec-
al., 1984). tion 4 we show that high-filling factor ring models, sug-
So far rather few attempts have been made to reconcilegested by dynamical simulations, are consistent with the
the dynamical and photometric views of rings. Dones et al. ground-based photometric observations (opposition and tilt
(1993) point out that many discrepancies in the photometric effects). Especially, the opposition brightening for phase an-
behavior of the inner and middle A-ring, and of the B-ring gles below 2 can be reproduced even without an intrinsic
(Doyle et al., 1989), as compared to the classical radiative opposition peak for particles, even for a system with large
transfer models withD = 0, would be naturally accounted (D > 0.2) central plane filling factor. This is the case for a
for by assuming the rings to be vertically thin. This would be very extended size distribution. We also briefly discuss the
expected to increase the single scattering contribution overimplications for some Voyager observations (high phase an-
the classical value, modifying the deduced single particle gle brightness, contrast reversal at resonance sites, correla-
phase function and albedo, and thus also affecting the calcu-tion between brightness and occultation optical depth). The
lated multiply scattered intensities. For example, this might next paper (Salo et al., in preparation, hereafter referred as
help to match both the low and high phase angle Voyager ob-paper Il) is devoted to the relation between dynamical wakes
servations (Dones et al., 1993). Support for the importance and the azimuthal asymmetry as seen in the Voyager obser-
of finite ring thickness was given by the ray-tracing calcu- vations of transmitted and reflected light.



430 H. Salo, R. Karjalainen / Icarus 164 (2003) 428-460

2. Photometric Monte Carlo method ary, one of its images enters the calculation region and re-
places the leaving particle. Especially, if the crossing oc-
We calculate the amount of light scattered by a local re- curs across the inner or outer radial boundary, the veloc-
gion of a planetary ring, represented by the ensemble of sim-ity of the particle is modified byAy = +3/2 2L, which
ulation particles with known positions at a given instant of corresponds to the difference of shear velocity actbss
time. Both singly and multiply scattered radiation are taken In this manner the evolution of the system is indepen-
into account, as well as the planar periodicity assumed in dent of the choice of the origin of the coordinate system.
the dynamical simulations. This is very important for mod- The results are also independent of the size of the calcula-
eling of low elevation angle observations, where a light ray tion region, provided that it is large compared to the mean
can, at least in principle, travel a long horizontal distance free path between impacts (Wisdom and Tremaine, 1988;
before leaving the particle layer. Since the size of the ring Salo, 1991).
particles is much larger than the wavelength of visible light, In the photometric modeling we utilize the results from
we assume geometric optics. A straightforward way to cal- dynamical simulations. In the present study, only experi-
culate the observed brightness is to use the direct Montements without self-gravity are used, as well as artificially
Carlo method, which follows the path of individual lightrays created data for vertically homogeneous systems. In all cases
emitted by the source through successive scatterings, andhe format of the particle data is similar, and periodic replicas
tabulates their final directions and intensities once they haveof the particles in the actual calculation region are used. For
escaped the layer of scattering particles. The Monte Carlothe dynamical simulations with planar homogeneity studied
element comes from the use of a single emergent ray afterhere, the orientation of the system with respect to the direc-
each scattering event, chosen with the help of random num-tion to the planet plays no role: this, however, is important in
bers to represent the assumed scattering law. We will first the case of gravitational wake structures having preferential
describe this direct Monte Carlo method and then discussorientation with respect to the local radius vector.
how the variance of the results can be significantly reduced
by a combination of direct and indirect (backward) Monte 2.2. Direct Monte Carlo method
Carlo methods, the latter utilizing the fact that we are inter-

ested of the brightness in certain viewing directions only. The simulation region is illuminated by a parallel beam
of sunlight, with incident fluxt F. The energy flux to the
2.1. Coordinate system of dynamical simulations simulation region is
|.L=mF|sinB'|LLy, 2)

Since the coordinate system used in our photometric ca
culations is the same as that in our dynamical experiments,\where B’ is the solar elevation angle aid andL, denote
we describe here briefly the basic features of these simula-the dimensions of the calculation region. This energy flux is

tions. In the local method all gravitational and collisional represented b¥phot photon packets, each with initial weight
calculations are restricted to a small region inside the rings,

corotating withs2, the local mean angular speed of particles Wo = L/Nphot= 7 F|SiNB’|L Ly /Nphot (3)
(Wisdom and Tremaine, 1988; Toomre and Kalnajs, 1991; The coordinate system we use is the same local Carte-

Salo, 1.9926‘?' The ad\{antage of this m'e.thod Is that real.is'sian system as in the dynamical simulations themselves (see
tic particle sizes and ring surface densities can be studledFig. 1). The path of the photon packet inside the layer of ring

W'th a ;nanagf'able n]:me?r of 5|mukljat|or:.|pargcles. AIISQ' lin- particles consists of line segments between successive scat-
earized equations of motion can be utilized, employing a terings. Denote bys = {px. py. p:} andé = {ey. ¢y, e.} the

Itpca! (égrltgswlm cct)p len?te dsi/s:em. Dtrl:e told|f|fetr.ent|al r_ota- instantalneous position and direction of the photon packet,
ion individual particles tend to leave the calculation region, 4 byR; = {xi, yi.zi}, i =1,.... N the positions of parti-

Wh'ght,'s tak_?_'; into accc:aun;m thgbfoc;m c;f penodflc; boundar;;. cles, assumed spherical, with raglii The intersection of the
conditions. These can be described in terms of image par I'photon path with the surface of particdlecorresponds to a

cles, real rootr; for the equation
x'=x+nL,, - A 282

¥ (p+1:6 — R;) =52, 4)
y/=y+mLy—3/2an9f, .. .

, t; giving the distance along the present photon path to the
=% @) intersection. The position of the next scattering point is then
wherem and n are integersL, and L, denote the di-  chosenas
mensions of the actual calculation region, anthe time o) o

p'=p+te, (5)

reckoned from the beginning of the simulation; thexis
points in the radial direction, the-axis in the direction of wherer = min{s; > 0; ; real. If EQ. (4) has no real roots for

orbital motion, and the-axis is perpendicular to the equa- anyi, the photon packet is able to escape from the original
torial plane. Thus, each time a particle crosses the bound-calculation region. This, however, does not mean that it will
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Observer In the caseS is independent of the azimuth of scattering

(as is the case faof; ), the new photon direction is obtained
by
Saturn y ¢’ =2mry, (8)

wherery is a uniformly distributed random number between
0and 171 = RND(O, 1). The new polar direction is obtained
by setting

fi sdu
0

JrSdu

and solving foru’. In the case of Lambert’s law this implies

coge’) = u' = \/r2. The new photon direction in the simu-
lation coordinate systend,, is then obtained by Salo (1988)

=r2 =RND(0, 1), 9

(if n2 1)
Fig. 1. Definition of the coordinate system and angle variables used in
the dynamical and photometric simulations. Theaxis points to the ra- r_ / it / 2
A ) i i i . e, =n;COSe 4 Sine” Co 1—n?,
dial direction, they-axis toward the orbital mean motion, while thexis < < + S¢ <
completes a right-handed coordinate system. 1 . .
e = T3 [nx (COSe/ — nze;) —sine’sing’ny,,/1— n?]
z

escape from the ring, as the packet may intersect one of the ) 1 ) ) o, 5
image particles, which have positions according to Eq. (1). ¢y = m[”y (cose’ —nze’) +sine’ singny,/1 — n? ]
To search for these intersections, the photon packet is moved z

to the edge of the original calculation region along its current (10)
path, and the above procedure is repeated with the imageIf "zz =1, then
particles in the region where the packet arrives. In practice ,
it is more convenient to replace the photon with an image
photon, entering the original calculation box from an appro- ©x
priately modified position (thus avoiding the need for storing ¢}, = sine’sing". (11)
separately the positions of image particles). Altogether, the a¢ the scattering event the weight of the photon packet is
search for possible intersections is repeated until a new tar-requced by4, and a new line segment is calculated, until
get particle is found, or until the photon position is such that {he packet escapes, or a preassigned maximum number of
no intersection will be possible. This is the case if either scatterings (typically 100) has taken place.

In order to convert the photon weights to observed inten-

/ /
. =n;cose,

= sine’ cosy/,

pe>Mmaxzi+s5} and e >0, (6) sities, we assume that the escaping photon packets are regis-
or tered at a distanca from the simulation system, in a direc-

. tion corresponding to the elevation andgteand azimuthal
p; <min{z; —s;} and e, <O. (7 angled, counted with respect to the simulatisraxis. The

Formally, we also set a upper limit of 1000 for the maximum area of registration iglﬁ = cosBdBdf A? and the total

number of image regions checked, but this limitis in practice flux arriving atdA is zm';“gt W, (B, 9), whereW,, denotes

never reached. In the case of escape, the final direction andhe weight escaping towattid due to then’th photon (most

weight of the photon packet are stored. of these are typically zero). The intensityB, 6) is then ob-
When a photon packet intersects a particle surface, itstained by dividing the energy flux byA and by the solid

direction is modified according to the surface element’s angle of the illuminating ring patch as seen from the regis-

reflection law S, and its weight is reduced by the sur- tration areaws = L, L,|sinB|/A2, yielding

face albedoA. The reflection function is defined so that

AS(u, ¢, 1o, Po) dudg gives the probability that a photon 1(B, 0)dir = ; '

arriving at the surface from the directigpo, ¢o) will scat- LyLy|sinB|cosBdBdb

ter to an intervakdu, d¢ about the directior(u, ¢). Here The subscript ‘dir’ is used to distinguish this from the inten-

no = cog(i) andu = coge), wherei ande denote the angles  sity calculated below with the indirect method. Taking into

ofincidentand emergent rays with respect to the normal vec- account Eq. (3), and normalizing with the incident solar flux,

tor n of the surface element at the intersection point, while we obtain

¢o andg are the azimuthal directions in a coordinate system . Nphot

where the polar direction is alorig For most of our sin):u- [(B. O)dir _ _ 7|sin B 21 Wn(B. )/ Wo

lations we have assumed Lambert scattering, in which case ~ F IsinB|cosB d B df Nphot

§=S8r(u, o) = pu/m.

Npho
> P W (B, 6)

(12)

(13)
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Sincel/F is proportional to an averadéV,,) over the pho- ion as for the direct method,
ton packets W/, = Wo), its variance can be estimated .
fromp Wm m/ 0) 82 Tindir _ sinB’ 2 (Wr/n2> _ <Wn/1>2 (18)
I inB' 2 2 W2 F sinB Npnot ’
i sin -
82<%> = ( : Bﬂ BdBd&) (Wi iv (W) . (14) whereW,, now denote$ ", (Wim/ Wo) A Sk
sinb cos phot A considerable reductionin the total CPU time is achieved

The implied uncertaintyd(I/F) ~ /$2(1/F) is fairly for a desired accuracy, as now in principle every photon in-
large. For example, assume that most of the intensity is duetérsection with a particle can contribute to the brightness in
to single scatterings, and that the number of photons reach-2 given direction, instead of only those photons actually es-
ing the registration area i&/(B,6) = p(B,0)Npno Then caping to this direction. As an idealized example consider
the weight carried to the registration area is eithéfo or 0, again a case where single scattering dominates, and for sim-
and(W'2) ~ pA2 and(W.,) ~ pA, and the fractional error plicity assume that the scattering is isotropic (and neglect

" " all shadowing), so thafy,, = 1/(4x). If the total fraction

AU/F)dr (1= p) (15) of photons scattered to any directioryig, then each of the
PNphot.

I/ F)dir scatteredpr Nphot photons yieldsW,, = A/(4rx). Proceed-

ing as before, the fractional error becomes
As p is small, 1— p ~ 1 and the fractional errox N (B,

0)~1/2, as expected for a direct Monte Carlo estimate. A(I/F)indic _ |(1— pr)
~ . (19)
(I / F)indir P Nphot

2.3. Backward Monte Carlo method (indirect method)

So, although the\/p_hlo/tz dependence of the error is retained,

The above described direct method, although very easyits magnitude is roughlyN (B, 6)/Nphoo*/? times smaller
to implement and test, has the disadvantage that only a smalkthan the error in the direct method. Also in a more realistic
fraction of all photon packets contributes to the brightness case with nonisotropic phase function and multiple scatter-
in a given direction we are interested in, leading to a large ing the efficiency is significantly improved, as shown by the
variance of the result. In fact, this variance is large enough examples studied below.
to make the direct method unsuitable for practical use (see
Section 3). The efficiency can be significantly improved by 2.4. Different surface albedo values
a combination with a backward Monte Carlo method, sam-
pling the brightness as seen from a prespecified viewing Both direct and indirect methods provide an easy way to
direction or directions. The path of the photon packet from 100k separately at singly scattered and higher order contri-
one intersection to the next is calculated as in the direct butions, by storing information of how many times a photon
method, but additionally, in each scattering event we now has scattered before the escape (direct method) or before
check whether the illuminated point is visible from the given it contributes to the intensity in a given direction (indirect
observing directio{B, 6): not hidden by the particle itself, ~method). This also makes it possible to obtain the bright-
or by any other particle or image particle. This check can ness for any surface albedo from a single run: by choosing
be done with the same method that is used in the aboveA = 1 inthe run and by denoting with 7, the intensity due
described search of photon-particle intersections. If no inter- t0 scattering by times, we have the total scattered intensity
vening particles are found, then this illuminated point con- for surface albedao

tributes to the intensity in the registration direction by the max
amount hot=Y_ AGAL. (20)

Wim AS, 1
i (B.6) = =T (16)

ISINB|LxLy 2.5. Spatial partitioning
where S, = S(uwo, u'), w' = iy - 0, with 6 = {coSB cosd, _ _ _
cosB sing, sinB} specifying the registration direction, and ~ The most time consuming part of the above calculations
Wi is the weight before the'th scattering of then’th pho- is th.e search of intersections between a photon paqkeft' and
ton packet. After this the photon path is continued toward the Particles. This time consumption can be reduced by limiting
next scattering as before. The total intensitys, 0)ingir is the number of particles for which the intersection is checked

N and store a list of particle indices belonging to each cell, as
I(B.®)ingir _ 7|SINB'| 1,29 3 (Wi (B, 6)/ Wo) ASpm well as the maximum distance from the cell cengrup to
F ~ IsinB| Nphot : which its particles can cause intersections,

(17) L 2 (L 2
2 _ [ Lx y
The variance of the result can be estimated in a similar fash-4max= (E + smax) + (ﬁ) +Smax> ’ (21)
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wheresmax is the maximum particle radius in the cell. Before the distribution of scattering from thepherical particle as
looking for the actual particle intersections, the minimum a whole. The difference is that the scattering probability is
distance of each cell center from the photon path is calcu- now defined solely in terms of the phase angl¢he differ-

lated, ence between the directions of the incoming and outgoing
2_ 2 =2 2 o0 A2 rays, as seen from the scattering point. Especially, we use

dé = (pe =P = [(Pe = P) -], (22) the Henyey—Greenstein phase function

and only those particles which belong to a cell that can in

principle intersect the current pattf, < dmax, are actually Puc(a) = 1-g2 (24)

checked. This simple trick effectively replaces tNe(par- HG (1+ g2+ 2gcosn)3/2’

ticle number) dependence of the intersection search with . .

NY2, and since the particle positions are fixed, these lists Whereg is the anisotropy parameter,

need to be constructed only once during a run, causing very L .

small overhead CPU time-consumption. Typically, a subdi- - ;

vision to about 20 by 20 cells provided an optimal speedup & — (cosw) =3 / P(e) cosx sina day, (25)

for N ~ 10* simulation particles, reducing the time required 0

for the search of intersection to about 10% of that which Varying betweerg =-1 (perfect back Scatterer) a@dz 1
would be needed without partitioning. Also 3D partitioning (perfect forward scatterer). Also, we employ the combina-
was checked but this did not yield any additional speedup. tion of two Henyey—Greenstein functions, used in Esposito

Namely, even in the 2D partitioning we can easily discard and Lumme (1977) and Lumme et al. (1983),
subcells for which the distance of the photon packet from the

central p!ane is aIreadytoo Iargg for i.ntersef:tions. ExamplesP(a) =bPrc(a, g1) + (1 —b) Puc(a, g2), (26)

of CPU-time consumption are given in caption of Fig. 7.
and the power-law phase function

2.6. Saturn-shine
Ppower(a) =cp(mr —a)" (27)

The brightness due to the illumination by Saturn is cal- , )

culated in a similar manner as that due to the Sun. The onlydéfined in Dones et al. (1993). In all cases the phase func-

difference is that the directions of the incoming photons are tion is normalized so that the integral over all solid angles
[ P(x)27 sinada = 4n. For Eq. (27) the normalization

sampled from the solid angle extended by Saturn’s ball, as : ;
viewed from the ring patch. In practice the ball of Saturn factorsc, and the anisotropy parameteyscorresponding

is divided into latitude and longitude surface elements, for O Various exponents are given in Table 4 in Dones et al.
each of which it is tested whether it is illuminated by the (1993). o ) i i
Sun, and whether it is visible from the ring (Price and Baker, ~S0me modifications are required when spherical particle
1975). The brightness of each point of Saturn is calculated Phase functions are used instead of the surface element's

from Barkstrom’s law (Barkstrom, 1973), reflection law. In choosing the direction of the photon af-
ter scattering, Egs. (8)—(11) are employed, wittw) / (47)
Isat ﬁ( o) )kz (23) now replacingS(u), anda now standing for the direction of
F  nu\u+wpo) ’ the incoming photon (as seen from the particle), not for the

whereyo andu here denote the direction cosines of the inci- surface element’s normal direction. When using the spheri-
dent and emergent radiation on Saturn’s surface arahd cal phase function, the information of where the scattering
k» are numerical factors depending on the phase angle pelakes place on the particle surface is not defined, so that
tween the incident and emergent rays, interpolated from thethere is an ambiguity about where to start the emerging pho-
values tabulated in Table 5 in Dones et al. (1993). The num- ton packet. We experimented with two ways of choosing the
ber of photons shot from each Saturn’s surface element isPostscattering starting point, either from the particle center
proportional to the energy flux reaching the ring patch. Final Of from the intersection point of the incoming photon. Al-
results are normalized tB, as for the scattering due to di-  though the former choice would be more in accordance with
rect solar illumination. In the treatment of Saturn-shine we the conceptof the spherical particle phase function, the latter
approximate the planet to be spherical, whereas Dones et alchoice seemed to give more realistic results. Namely, as de-

(1993) take also into account its oblateness. scribed below in more detail, we carried out comparisons for
the Lambert scattering, using both the surface element’s re-

2.7. Sherical particle phase-functions flection law, and the corresponding spherical-particle phase
function

Most of our simulations employ Lambert’s scattering law
for each ring particle’surface element. However, in order Py (a) =
to compare with various results in earlier literature, other
scattering laws were also implemented, defined in terms of in which case it is possible to check the error introduced.

%[Sina + (7 — @) cosa], (28)
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3. Preliminary tests and the influence of nonzero kinetic energy and the viscous gain of energy from the sys-
volume density tematic velocity field. No self-gravity is included in order to
assure the homogeneity in planar directions. In dynamical
In order to test the correctness of the Monte Carlo method simulations the velocity change in impacts is determined by
several checks are carried out. First of all, the results of the the normal coefficient of restitutios,, describing the ratio
indirect method are checked against the direct method, andof the post- and precollisional relative velocity components
the error estimates given in the previous section are veri- in the direction joining the particle centers. For thave use
fied. Secondly, the Monte Carlo results are tested against thethe standard velocity-dependent elasticity model of Bridges
classical calculations in the limit of vanishing volume fill-  etal. (1984),
ing factor D, both with comparisons to analytic results for , —0.234
isgtropic scattering calculatr;d in terms of ghandrasekhar’se"(v”) = min[ (vn /ve) 1], (30)
X- and Y-functions, and with comparisons to Dones et al. wherev, is the normal component of the relative velocity
(1993) in the case of power-law phase function. Besides of the impacting bodies and the scale parameteequals
these tests, this section highlights the modifications causedvs = 0.0077 cny's in Bridges et al.’s measurements. In some

in the overall scattering behavior by a nonzéro experiments other elasticity laws are briefly examined. The
simulations are performed for the saturnocentric distance
3.1. Particle distributions a = 100000 km, with2 = 1.94 x 10~* s~1. The particle

size distribution is assumed to follow the power law

In this study two types of particle fields are studied: AN/ds 5 s™9,  smin <5 < Smax, § =3, (31)

(1) vertically homogeneous systems of identical particles, With the upper size limit fixed tomax=5 m. Accordingto
created by uniformly distributed, nonoverlapping parti- Voyager radio science experiments (Marouf et al., 1983) this
cles, and type of law describes the size distribution in Saturn’s rings,

(2) particle fields obtained from dynamical simulations, With & lower size limit of~ 1 cm. However, due to com-

both with identical particles and with a size distribution. Putational restrictions on the number of particles, we have

to use a larger truncation radius: in most of our size distri-

In most of the preliminary comparisons, homogeneous Pution experimentsmin = 0.1 m is used. As a special case
particle fields are employed, realized with~ 10% particles also simulations with identical 5-m particles are reported.

uniformly distributed within the calculation region, with the ~ With a particle size distribution the volume density profile
condition that no overlaps are allowed between particles, nor depends on the relative vertical distributions of the different
with their replicas extending over the periodic boundaries. Sized particles. In general, the velocity dispersion and thus

The optical depths are specified in terms of the dynamical SO the vertical scale height of the smaller particles exceeds
optical depth that of the largest ones, although the system is still far from

energy equipartition (Salo, 1992b). Some illustrative exam-
> nsiz ples of the studied particle distributions are given in Fig. 2,
LiL,’ (29) while Tables 1 and 2 list the models used. In all dynami-

’ cal experiments the system is evolved for at least 20 orbital
the total surface area of particles divided by the area of the yeriods before a snapshot for photometric simulation is cho-
calculation region, which is the basic quantity employed in sen to assure the attainment of a local steady-state particle
dynamical experiments. Different values of the volume fill- - gjstribution. However, as a single snapshotis used from each
ing factorD correspond to different physical thicknessés  simuylation, some random noise is inevitably present, as seen,
of the particle layet. For a homogeneous layer of identical ~ for example, from the scatter in the effective vertical thick-

Tdyn =

particles ness values listed in Tables 1 and 2.
4s For comparison with previous literature, monolayer par-
D = Dyni= 377 T ticle distributions are also briefly studied. In the 2D case the

) ) ) ) method of random placement of particles becomes ineffi-
wheres is the radius of the particles. In practice, systems cjent already for a rather lowyn, as overlaps are difficult to
with D up to 0.3 can be easily constructed with the random pangle. Instead of using lattice-based assignment, we chose
placement of nonoverlapping particles. to create monolayer models also with dynamical simula-
For the particle fields taken from dynamical simulations tjons. Even if there are overlaps in the initial distribution, the

the vertical profile is always nonuniform, being determined orce method we use for impacts (Salo, 1995) rapidly leads
by the balance between the collisional dissipation of random g 5 steady-state with no overlaps between particles. A prac-
tical detail worth mentioning is that since dense 2D-systems

1 Actually, H denotes the thickness of the layer occupied by the particle are very prone to axisymmetric overstability (Salo, 2001) al-

centers, so that some particles extend even out&igle from the central ready forzgyn ~ 0.3, the radial size of the calculation region
plane. in these 2-dimensional simulations needs then to be small
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UNIFORM D=0.1  74,=0.5

Table 1
Particle distributions obtained from dynamical simulations: A- and B-ring
models

Size - Tphot

Elasticity® D(0) H rangé —— Comment

Tdyn rangé t° D(0) [o] ayn
0.4 5 vp 0.14 23.7 1.12 Fig. 17
04 0.5-5 vp 0.11 25.8-8.8 1.08 Fig. 17
04 0.1-5 vp 0.10 21.7-9.4 1.07 Fig. 17
125 5 vp 0.33 28.6 1.41 Figs. 8,9, 16, 21
125 2-5 vp 0.33 26.1-14.3 1.38 Figs. 8,9, 16

125 1-5 vp 0.33 23.3-9.8 1.28 Figs. 8,9, 14,16, 21
125 0.5-5 VB 0.34 21.5-84 1.27 Figs. 8,9, 16, 17
125 0.2-5 vp 0.29 21.3-83 1.18 Figs. 8,9, 14, 16,21
125 0.1-5 VB 0.25 20.7-8.6 1.15 Figs. 8,9, 14,16,17, 21
159 0.05-5 wp 0.26 23.0-8.2 1.16 Figs.9, 14,15, 16, 17

125 0.1-5 4p 0.23 32.8-9.3 1.16 Fig. 22
125 0.1-5 vp 0.25 20.7-8.6 1.15 Fig. 22
125 0.1-5 ¢ =01 0.35 10.3-59 1.19 Fig. 22

@ Lower and upper size limits (in meters) for a power-law size distribu-
tion with power-indexg = 3.

P The value of the scale factar. in the velocity dependent elasticity
law, Eq. (30), or the value of the constant coefficient of restitutigh—
0.0077 mny's.

¢ Effective vertical thicknessesd = /12(z2), for the subgroups of
smallest and largest particles, defined by dividing the system into 6 loga-
rithmic size bins.

d Obtained by extending the simulation model with the size range from
0.1 to 5 m, by including additional nonoverlapping small particles with the
same vertical dispersion as the smallest particles in the original distribution.

~

‘. S T S Table 2
Particle distributions obtained from dynamical simulationgin varied

Fig. 2. Some examples of particle distributions used in photometric cal-
culations. In the upper row a homogeneous system with volume density —
D =0.1 is shown, both as projected to the equatorial plane, and as seenSze distribution 0.1-5.0 mg =3

Tdyn Tphot Tphot/Tdyn D(0) Hrange (m) I(1)P [(155°)°

from the side, along the direction of the orbital motion. The model was cre- 0.1 0.10 1.02 0.03 20.7-7.5 0.148 0.0066
ated by randomly placing the particles to the calculation region, with the 0.2 0.21 1.03 0.06 21.4-8.2 0.199 0.0102
condition that no overlaps are allowed between particles or periodic image 0.3 0.31 1.05 0.07 23.4-9.4 0.218 0.0119
particles. The two other examples are snapshots from dynamical simula-0-4 ~ 0.42 1.07 0.10 21.7-9.4 0.226 0.0129
tions, using the Bridges et al.’s (1984) elasticity law to describe the inelastic 05 0.53 1.07 0.11 22.6-10.0 0.228 0.0129
collisions. In all cases, just the innermost region of the particle field is dis- 0.7 0.76 1.09 0.16 22.3-10.4 0.229 0.0131
played, having a factor of 2.5 larger actual extent in both planar directions. 10 1.13 1.13 0.22 21.1-11.3 0.229 0.0134
In the case with the most extended size distribution used @.05-5 m), 125 145 1.15 0.25 20.7-11.2 0.228 0.0134
the total number of particles is 200 000. 150 183 1.22 0.32 20.7-12.4 0.228 0.0135
200 2.53 1.27 0.37 20.1-13.1 0.231 0.0136
Identical 5.0 m
(say,L,/s < 50) to suppress overstability and to assure the 0.1 0.10 1.02 0.04 222 0.153  0.0060
homogeneity of the monolayer model in the radial direction. 02~ 021 1.05 007 23.1 0213 0.0093
0.3 0.33 1.09 0.11 233 0.238 0.0107
04 0.45 1.12 0.14 23.7 0.251 0.0110
0.5 0.58 1.16 0.17 242 0.257 0.0112
3.2. Dynamical vs. photometric optical thickness 07 085 1.22 0.23 24.4 0.266 0.0113
1.0 1.33 1.33 0.29 26.1 0.275 0.0110
125 1.76 1.41 0.33 28.2 0.279 0.0110

In thg case of a vertically thick multilayer, with —>-O, 150 221 147 0.36 e 0281 0.0109
tdyn defined in Eq. (29) equals the normal photometric opti- 559 314 157 0.41 353 0283  0.0108
cal depthrphot, defined by the probability = exp(—tphot)
for a perpendicular light ray to pass through the layer with- elasticity.
out being intercepted. In a case of a slanted path witk- b 1/F for Callisto phase function with albedd = 0.5, for the same
sinB; the probability is exp-ty), where 7, = tphot/is. geometry as in Fig. 11, left panel.

However, with a finite thickness layerphot generally ex- ¢ For the geometry of Fig. 11, right panel.

a All simulations assume the Bridges et al. (1984) velocity dependent
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ceedsrgyn, as illustrated in Fig. 3 for vertically homoge- For even smalleB; larger differences might be possible,

neous systems. The case of a strict monolaygfs(= 0) but this was not studied in the present work as due to a very
is also shown, in which case the maximajn = /12 small penetration probability a very lar@gnot would be re-
0.907, corresponding tophot =~ 2.374 (Hameen-Anttila and  quired.

Vaaraniemi, 1975). In general, for the studied ranyec In what follows we drop the subscript fromnot but re-

0.3, T £ 2, the photometrie is enhanced by tain its use intgyn whenever the distinction is significant

This is in good agreement with the enhancement factor of 3.3. Indirect vs. direct Monte Carlo method
1/(1 — D) suggested by Esposito (1979). The same type of

dependence fofphot/ 7dyn holds also in the case of a vertical Figure 4 compares the angular distribution of scattering
distribution of identical particles, provided thatis identi- obtained with direct and indirect MC methods. Different
fied with the central plane volume densiy0); however, in orders of scattering up to 5 are displayed, for a normally
the case of a size distributiapnot/ tayn is closer to unity, the  illuminated uniform layer of Lambert-particles with dynam-
difference betweerynotandrayn decreasing with increasing  ical optical depthrgyn = 0.5. Altogether 16 photons were
smax/Smin (See Tables 1 and 2). For examplesfin = 0.1 shot at a particle field composed of 10000 particles, with
thenk ~ 0.7-1.0 forrgyn = 0.5-2.0. D =103. The normal illumination was chosen in order to
In the case of a monolayer, the dependence tphot/ s reduce the scatter in the direct method, as then the average

is not valid, the actual attenuation increasing more rapidly over azimuth can be taken in obtaining the brightness in var-
with decreasingi,, as noted in Hameen-Anttila and Vaara- ious latitude bins. Thé/F values with the indirect method
niemi (1975). In fact, the effect is even stronger than sug- were obtained from the same run, for 30 prechosen view-
gested by Egs. (17), (18) in Himeen-Anttila and Vaaraniemi ing directions. Altogether, the agreement is excellent in both
(1975): for examplephot(Bs = 90°) = 1 actually corre- the reflected B > 0°) and transmitted light§ < 0°), for
sponds taphot( Bs = 26°) & 1.3, whereas their Table 1 gives  all studied orders of scattering. Note the larger scatter in the

1.08. However, with increased layer thickness Bislepen- (I/F)gir values even with the summing over azimuths. In
dence becomes insignificant: already féys = 6 the nor- the case of an arbitrary illumination direction, the azimuthal
mal photometric optical depths derived fraBg = 90° and bin-size would need to be comparable to the latitude bin-size
B; = 26° agree within a few percent fagyn < 2 (Fig. 3). (in this case 2), meaning that the scatter of results would in-
2.0 Il|||||¥||l||l||¥|||||l| 1.60 IIIl|IIIl]IIIl|III||IlI|IIlV||IH|IIIH 1.8 T 1T T | L | T T 7T ] T 1T 71 ] T
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Fig. 3. Relation between dynamical and photometric optical depths. The frame on the left shows thgsgttigyn for homogeneous systems with different
vertical thicknesses, measured Hys, whereH is the full thickness of the layer occupied by the particle centerssamthe radius of particles. In the middle,
the same ratio is shown as a function of volume denBityor tgyn = 0.5, 1.0 and . Also shown are linear fitsphot/ tTgyn = 1+ kD, with k = 1.0, 1.25, and

1.5. In all cases photometric optical depth is calculated for a path Btk 90°. On the right, the normal photometric optical depth, deduced from various
slanted pathstpnot = 75/ SinBy) is illustrated, both for a monolayer mode¥ (s = 0), and for a moderately thin multilayef /s = 6: only tgyn = 0.5 is
shown for the latter case, but, for exampigyn = 1.5 yields a practically identical result. Error barsrighot are calculated frong prhot)_O-E’/ sin By, where

f is the fraction of photons passing through the system without being intercepted.
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Fig. 4. Comparison of the direct vs. indirect method. A homogeneous systerpi® tqyn = 0.5 andD = 0.001 is perpendicularly illuminatedB( = 90°)

with Nphot= 107 photons. In the direct method, escaping photons are sampled Whmg in the observing elevatioB, averaged over the whole azimuth
range. Lambert surface-element scattering was used with albeglt, and contributions from different orders of scatteringsafe shown separately. Large
boxes stand for the indirect method and dots for the direct method. Solid curves indicate the theoretical single catferédx for D = 0 (Egs. (33)).

crease by a typical factor 860°/2°)1/2 ~ 10. On the other  cal particles,
hand, the obtained / F)ingir would be practically indistin-

guishable from that in the figure already f¥pnot~ 10°. H/Ly = irdlg,?]N_O's.

The large reduction of uncertainty obtained with the in- 3/mD
direct method is further illustrated in Fig. 5, f@&' = 45° For example, the total vertical thickness of the particle field
illumination angle, and 10x 10° collection bins in the di- in Fig. 4 corresponds té/ /s = 670, while even withV =

rect method. Fig. 5 also confirms the validity of the statistical 10* particles its extent in the horizontal direction is only
error estimates given by Egs. (14) and (18), by comparing L, /s = 250. In order to assure that a path with, $8y= 6°
them with the standard deviation @f F obtained in ten is completely coveredVyox = H/(L,tanB) ~ 25 replicas
separate runs with different seeds for the random numberof the actual simulation box are needed in every direction.
generator. The increased relative error for sma|lresults Otherwise, in the direct method a photon can escape (or en-
from the small number of photons escaping to low elevation ter, if B’ < 90°) the system through the vertical borders,
angles (direct method) or being able to contribute to the flux or a contribution of scattering can be registered before it is
in the registration direction (indirect method). The increased certain that no intervening particles would be found (in the
fractional error for smallB indicates that in the applica- indirect method). The use of too few replicas of the actual
tions to ground-based photometry of Saturn’s rings, a typical region will lead in all cases to an artificial brightening. For
number of> 10° photons is needed to assure a relative accu- example, in the case of Fig. 4 the use\af,x = 5 or 10 repli-
racy better than about 1% f@& ~ 6°, even with the indirect ~ cas would yield an erroneously enhandgg by factors of
method. On the other hand, in order to get a sufficient res- 2 and 13, respectively, foil3 = 6°. However, since in prac-
olution for comparison with observation, the bin-size in the tice only a very small fraction of photons will ever travel
direct method should be even smaller than adopted here (saythrough several replicas, elimination of this problem with
at most  x 1°), making the required number of photons the inclusion of an appropriate number of particle replicas
excessively large+ 10°) for a similar accuracy. Therefore is not very CPU-time consuming. In this respect the formu-
from here on all Monte Carlo calculations are carried out lation in terms of image photons instead of image patrticles

with the indirect method. (see Section 2) is very useful, as there is no need to store any
Besides including a sufficient number of photons, addi- huge number of image particle positions.
tional caution is needed in calculation of viewing or illumi- Additional tests with different numbers of particles in the

nation angles near zero, due to the long slanted paths througtactual simulation region indicate that the results are not sen-
system. For a homogeneous square-shaped region of identisitive to N for the used particle fields witN' > 10°-10*. For
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Fig. 5. Check of the validity of the error estimates. The same particle field as studied in Fig. 4 was illuminatel fz04%°, and viewed from various
elevations. The azimuthal difference in viewing and illumination was 6’ = 10°. The upper row shows results from MC-simulations witH Ed 16

photons; in the direct method 1& 10° bin-size has been used. In the lower frames the error estimates from a single run according to Egs. (14) and (18) are
shown with dashed lines, and compared with the actual RMS-difference in a series of 10 simulations performed with different seeds of the random numbe!
generator (symbols). Note the much larger error in the direct method as compared to the indirect method, even for the very large collection tibharsed. La
element’s reflection law has been used ang 1 is assumed.

small N the discreteness of the particle field may become ponents of the reflected and transmitted radiation are given
evident in some cases, especially for sniatlnd B’, as the by (van de Hulst, 1980)

scattering will then depend strongly on the few outermost Ies AP (&) 10

particles on the illuminated side of the system. The problem <7> = (1 —exg—t(l/n+ 1/#0)]),

is also most pronounced in the case of size distribution, as refl A+ o)

the number of largest particles.is necessarily fairly small for AP(a)po (eXﬂ—t/pL] _ exq—r/uo]),

the used power-law. However, in the present case of systems{ /ss ] A —po) (33)
with planar homogeneity, the effect of discreteness can be\ F /, . .~ (e # o)
significantly reduced by rotating the particle field randomly AP expi—1/pol, (1= po)

between each new photon path (in practice, the illumination
and viewing azimuths are rotated). This procedure is applied
in most of the subsequent plots.

Here the factorpath = v(1/u + 1/u0) represents the total
optical path of a reflected ray, withg = |sinB’| andu =
|sinB|. These theoretical curves for single scattering were

A final point tq con5|der 'S _the gccuracy of the; search of also displayed in Fig. 4. Clearly the studied valne= 0.001
photon path-particle intersections: for smalithe distances . ) . e
is small enough to approximate well the classical limit. The

traveled between intersections can be large compared to par-

ticle dimensions. Therefore double precision is used in this only differences are seen nef= 5’ = 90, where the sim-
N : . P . ulated single scattered flux exceeds the theoretical one: this
search. This is especially important when using the surface

: N . is due to the well-known opposition brightening, addressed
elements’ reflection law, where the distribution of intersec- PP 9 9

i int ds to b el led th el in detail in the next section.
5'3265:06'2 S needs 1o be accurately sampied on the parlicle |, yhe case of largeb other differences appear (Fig. 6),

the reflected overall intensity increasing with This is due
to enhanced singly scattered flux and is most pronounced
3.4. The effect of nonzero volume density nearB = 0°. Similarly, transmitted singly scattered radiation
is strongly reduced neaB = 0°. This behavior is not ac-
In the classicaD — 0 case, when the particles are sepa- counted for by the enhancedrgyn studied in Fig. 3, which
rated by large distances as compared to their size (so that théas only a small influence far~ 1. Rather, the behavior at
far-field approximation is valid), the single scattering com- low viewing angles follows from the fact that only certain
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Fig. 6. The effect of nonzero volume densify on the brightness of a perpendicularly illuminated homogeneous system. Lambert reflection is used with
A = 0.5. The singly (SS) and multiply (MS) scattered components are shown separatelyionith/ms + Iss. The dashed and solid curves indicate the
theoreticalIss for D = 0, both forz = 1.0 and 15. The formerz value corresponds to the usegln, while the latter value equals the photometridor

D =0.2, tgyn = 1.0 according to Fig. 3. Note that thg F scales for reflected intensities do not start from zero.

portions of the finite sized particles are visible. For exam-  The studied case of exactly perpendicular illumination is
ple, when the system is viewed from the sunlit side at a very naturally a very special one. However, a qualitatively similar
low elevation angle, mainly the illuminated upper surfaces overall enhancement of reflectég is seen also in the case
of the outermost particles are seen, enhancing the reflec-of slanted illumination (Fig. 7), except that the brightening
tion. Similarly, when viewed from the opposite side, particle seen neaB = 0° in Fig. 6 is now more prominent on the
hemispheres predominantly in the shadow are visible. Sinceviewing azimuths opposite to illuminatiog, — ¢’ ~ 180,

the total geometric thickness decreases with increading corresponding to large phase-angle. AlsoBaglecreases,

(H /s = 4/3 tayn/ D), this contribution of outermost particle  the reduction ofims seen neaB = 0° in Fig. 6 becomes
layers increases witlD. The increase neaB = 90° cor- more pronounced. Since the largeeflection is dominated
responds to the opposition brightening which extends to a Py multiply scattering (for the studied backscattering Lam-
larger angular region whed is increased. In contrast to  bert case withA = 0.5), the total effect of largeD is to
single scattering, the multiply scattered flux is less affected, reduce the large phase angle brightness for siallAt the
being reduced neak = 0°, both for reflected and transmit- Same time the love brightness remains enhanced, due to
ted radiation. Other experiments with< 2 also indicate ~ OPPOsition brightening of singly scattered component. Fur-
that the typical brightening in the reflected radiation depends ther, more realistic examples of low elevation angle results
rather weakly orr. Altogether, the fractional increase inthe &ré shown in the next sections, where the calculations are
singly scattered reflected radiation for- 1 amounts (atin- ~ compared to ground-based and Voyager observations.

termediate elevations outside the opposition peak region) to It IS also of interest to check whether allowing for a
nonuniform vertical density profile and patrticle size distri-

about
bution will affect the brightening due to nonzero volume
Is« D) , density. For these comparisons dynamical simulation data
D =0) ~1+2D forB =90, (34) are used. In principle, it may be expected that when taking

into account the vertical distribution, the system will have
in the studied case of a homogeneous system composed o smaller effectiveD when viewed with lowB as com-
equal-sized particles. This agrees well with the study of Pel- pared to larger elevations, when the densest inner parts are
toniemi and Lumme (1992) who found about 50% increase better visible. However, when limiting to identical particles,
in the brightness of a normally illuminated layer of rough the effect of the vertical profile turns out to be rather weak,
particles whenD was changed from.Q to 0.4. reducing somewhat the brightness increase mear0° in
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multiply scattered (middle) and total reflected radiation (lowermost row). Three cases of oblique illuminatiaBl with0°, 20° and & are compared, as a
function of observing elevatio® and azimuth with respect to illuminatiot, — ¢’. Only B > 0 is shown as the behavior of transmitted light is qualitatively
similar to that in Fig. 6, with no strong — ¢’ dependence. Note the logarithmic scaleBefchosen to emphasize the low elevation angle behavior. Lambert
reflection is used withA = 0.5. Contours corresponding to reduced brightness are shown by dashed lines. The multiply scattered fldxefarere
constructed from runs witlh = 0.10 andD = 0.01, by Ims(D = 0) = Ims(D = 0.01) — 0.01/0.09 x (Ims(D = 0.10) — Ims(D = 0.01)). The CPU time
consumption (with 2.2 GHz Pentium processor and Linux/g77 compiler) was aboytlit€csiory5 x 10° photons, forN = 104 particles. ForD = 0.01 the
CPU-consumption is about 2-fold as comparedte- 0.1, due to larger physical thickness.

Fig. 6. On the other hand, when a particle size distribution the largest size range studieghax/smin = 100, the overall

is also taken into account the situation changes significantly intensity stays significantly higher than it would be in the
(Fig. 8). As mentioned above, in dynamical simulations the case of a thick multilayer with the samegapproximated by
smaller particles typically occupy a thicker vertical layer the Dynj=0.001 case in Fig. 8).

than the largest ones, corresponding to several times the di-

The lower frame in Fig. 9 illustrates the qualitative reason

ameter of the largest particles (see Fig. 9, upper frame, andfor the elevation angle dependence, by showing the relation
Table 1). This partial segregation of particle sizes increasesbetween the local volume densif¥(z = zo) and the cumu-
the vertical gradient of the volume density. Also, the ‘en- lative optical depthr (z > zg) when the system is traversed

velope’ formed by the small particles will effectively help

from zg = 0o — —oo. Esposito’s formulaphot/ 7dyn = (1 —

to hide the inner dense portions of the system. The effect of D(z))~! was used in construction af(z > zg) (see the fig-

particle size distribution on the brightness #Bf = 90° is
studied in Fig. 8, for different widths of a power-law distrib-

ure caption). For example, with & = 6° viewing elevation
7/sinB attains unity already for a layer whei@® ~ 0.03

ution. As the distribution is extended to smaller and smaller when the size distribution extends from 0.1 to 5 m, while in

sizes, the brightness peak naae= 0° seen in the case of

the case of identical particles, the same optical depth would

homogeneous systems gradually disappears. Also the overbe attained in a layer with ~ 0.1. Consequently the photo-

all brightening as compared tb = 0 is reduced, and the

metric behavior of the system with a size distribution can be

opposition peak gets increasingly narrow. However, even for expected to resemble that of a much smaller effediifer a
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Fig. 8. The effect of size-distribution on the brightness of a perpendicularly illuminated system. The combined singly scattered and matigdyfoas
(Lambert scattering wittlt = 0.5) are shown for the size distribution models of Fig. 9, and compared with the homogahggus 10-3 ~ 0 model for the
samergyn = 1.25. Thergyn = 1.5 model with the most extended distributier= 0.05-5.0 m is not shown: in reflected light it would fall almost on top of
smin = 0.1 m model, while in the transmitted light the largewould lead to somewhat smalléy F.

system of identical particles, although they have practically mation, judged by the good agreement with the exact surface
the same dynamicdb (the filling factors at the central plane  element law. Even foD = 0.1 the overall differences in the
are in the range.33 — 0.25, for smax/smin = 1 — 50). This reflected radiation are typically less than a few percent, if
modification in the effective photometric behavior in the the intersection point is used: largest differences are seen at
case of size distribution will have importance when ground- B — 0° where the intersection point method overestimates
based and Voyager observations are interpreted in Section 4the increase in reflectelds. For the same region, the particle
center method fails completely to reproduce the enhanced
3.5. Spherical-particle scattering laws reflectedlss, as well as the attenuation of the transmitigg
Most importantly, the opposition brightening is accurately
All the above calculations have been performed assum- reproduced when using the intersection point, in contrast to
ing Lambert's law for surface element’s reflection law, pro- using particle centers, in which case it is almost absent.
viding in itself a useful first approximation for the photo- The qualitative reason for the failure of the particle center
metric behavior of predominantly back-scattering ring parti- method is easy to understand, remembering the dominating
cles (anisotropy parameter= —4/9 for Lambert-spheres).  role of outermost particle layers in the case of geometrically
However, to be able to model more general photometric be- thin systems. AtlowB > 0 the centers of the uppermost par-
havior, and to be able to compare to previous literature, ticles are much more effectively shielded from viewing than
other scattering laws are needed. The scattering propertiegheir upper, illuminated hemispheres: the emerging singly
of individual particles are typically specified in terms of the scattered photon is thus more prone to be intercepted by
effective spherical-particle scattering law, which cannot gen- other particles than what it would be if emerging from the
erally be expressed in terms of surface element’s reflectionscattering point, leading to a strong attenuation of reflected
law. Nevertheless in the case of Lambert surfaces we cansingle scattering. Similarly, the transmitted singly scattering
test the error introduced by replacing the surface elementis increased for smallB|, as the particle centers are now
law with the corresponding Lambert-sphere phase function, more easily visible than the upper, illuminated hemispheres.
Eq. (28). This is studied in Fig. 10, comparing the use of No such shift of photon location is present in the intersec-
the particle center and the scattering point as the origin of tion point method, and the opposite, much weaker trend of
the post-scattering photon path segment. In the €ase 0 Iss for small | B| follows from the slightly incorrect sam-
both these choices yield identical results compared to usingpling of the surface elements’ scattering law: for example,
the surface element’s reflection law. However, for finite for B > 0, too much weight is given to photons scattered
the use of the intersection point is clearly a better approxi- near the centers of the illuminated hemispheres, as these are
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Fig. 9. In the upper frame the effective vertical thicknégsas a function of particle size is shown for the studied size distribution models. The effective
value for different size bins is calculated B = /12(z2)pin, based on the formul&?) = H2/12 valid for a vertically homogeneous layer with a total
thicknessH . In each case the minimum and maximum particle sizes are indicated, while the power-lay ia@XExcept for the case witlyyin = 0.05 m,

all distributions are taken from dynamical simulations witfy, = 1.25, after 20 orbital periods, when the collisional steady-state has been established. For
the case ofjn = 0.05 m, the distribution has been created by adding particles to the simulation wifhl—-5 m: the size distribution of these extra particles
extends smoothly the power-law of the original particles, and the vertical dispersion assigned to them follows that of the smallest 10% oéthim plaeticl
original distribution. This extrapolation is justified by the trend in different simulations with decreggifnd-or a power-law witly = 3, the extension ofmin

from 0.1 to 005 m increasesqyn from 1.25 to 15. The Bridges’s et al. (1984) elasticity law has been assumed, and the upper limit of the size distribution is
fixed to 5 m. The simulations were performed fo= 100000 km but there is little difference in ti#&/s for othera’s. In the lower frame the relation between

the volume density and optical depth is shown for the models of the upper row. This was constructed by tabulating separately thefuncis; (z),

where the latter describes the total photometric optical depth of particlegmwith, estimated bwzoo n(Z/)<7TSZ>Z/ (1- D(z))~Ldz', wheren(z') is the total
number density, and (s2) the number-averaged geometric cross section at the heighiertical lines, from the left to right, indicate where(z)/ sin By

equals unity, forB; = 6° and B; = 26°, respectively.

not so likely to be attenuated. The opposition brightening on (1980). From these the multiply scattered component can
the other hand results mainly from the nearly identical pho- be separated by subtracting the single scattering contribu-
ton paths before and after the scattering: this symmetry istions given by Egs. (33). Comparisons with= 10~2 indi-
broken in the case of particle-center method, but is retainedcate excellent agreement with theoretical values, while for
for the intersection point method. From here on, all exper- nonzeroD similar brightening in reflected light and reduc-
iments with non-Lambert scattering are performed with the tjon of transmission is seen as for the Lambert-case studied
intersection point method. in Fig. 6.

As a further test of our treatment of spherical-particle | the next section we will use the power-law scattering
phase functions we applied our method to isotropic scatter- fynction introduced in Dones et al. (1993) in comparison
ing, Piso = 1, in which case analytical results for the com- 1, gpservations. Fig. 11 checks the results with the present
bined single and multiple scattered intensity are available in MC method in comparison to those in Dones et al. (see

the classical limit) — 0 (Chandrasekhar, 1960), their Figs. 11 and 12), calculated for observing geometries

_ Ho _ in the Voyager images for small and large solar phase an-
(/Fren = A + MO)A[X(M)X(MO) YWY (no)]. gles ¢ = 13.2° and 1553°). The phase function used here
1o (n =3.09 in Eq. (27)) corresponds closely to the behavior

(I/ F)trans= A[Y ()X (1) — X (Y (10)],

of Callisto, being more backscattering than the Lambert law
(35) (¢ = —0.55 as compared tg = —0.44). Besides thé® =0
whereX = X(A, 1) andY = Y (A, t) are Chandrasekhar’s case studied in Dones et al., the changes due to constant
functions, tabulated, e.g., in Sobouti (1963) and van de Hulst nonzeraoD are also indicated for somevalues: see also Ta-

A — peo)
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Dones et al. is shown. The low (13.2°) curves haveB = 12.8° and B’ = 8°, while for largea (155.3), B =9.7° and B’ = 3.9°.
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Table 3

Fractional brightness change in low and higkimulations? in comparison to homogeneois= 0.001 models for the sameyyn

Case SS(13 MS(13) TOT(1?) SS(158) MS(155) TOT(155)
Tgyn=0.10,D0=0.1 19% —24% 19% 13% —30% —28%
Tgyn=0.25,D=0.1 22% —12% 22% 13% —20% —19%
Tdgyn=0.50,D=0.1 21% —10% 20% 12% —18% —17%
Tdgyn=1.00,D=0.1 20% —8% 20% 12% —18% —17%
Tdgyn=2.00,D0=0.1 20% —9% 19% 12% —18% —17%
Tgyn=125,5m 35% —4% 34% 17% —18% —16%
Tgyn=1.25,2.0-5m 29% 1% 28% 13% —10% —9%
Tgyn=125, 1.0-5m 22% 6% 21% 6% —5% —5%
Tdyn=125, 0.5-56m 18% 7% 18% 6% 1% 1%
Tdyn=125, 0.2-56m 13% 8% 13% 3% 2% 2%
Tdyn=125, 0.1-5m 10% 7% 10% 1% 2% 2%
same? ¢, =0.1 21% 11% 20% 3% —6% —6%
Tgyn=0.4, 0.1-5m 9% 4% 9% 3% 0% 0%

@ The values of8 and B’ are the same as in Fig. 11.
b Except for this model, the Bridges et al. (1984) velocity dependent elasticity is assumed.

ble 3 where the brightness changes as compardal +00 dicted by dynamical simulations are consistent with the tilt
are listed. For small phase angles single scattering domi-effect, i.e., the brightening of the B-ring with an increas-
nates, and accordingly a nonzdbowill lead to an enhanced  ing elevation angle (Camichel, 1958), and the opposition
brightness, which foD = 0.1 amounts to about 20%. For effect, i.e., the strong increase in the ring brightness for
comparison, Dones et al. (1989) report a single-scatteringphase angles less than a few degrees (Irvine, 1966; Bobrov,
enhancement by 1.65 for a monolayer model, which is in 1970). Previous detailed studies (Lumme and Irvine, 1976;
good agreement with the factorélwe find for a monolayer  Esposito and Lumme, 1977) suggest that classical multilayer
with zphot=1.0. On the other hand, large phase angle be- models © = 0) can account for the tilt effect in the B-ring,
havior is dominated by multiple scattering, and a nonzero 45 ye|| as for its absence in the A-ring, by the larger amount
D will reduce the ring brightness, by about 15-20% for o mitiple scattering in the B-ring. Similarly, Lumme et
D =0.1. Forzgyn = 0.1 even stronger reduction dins IS" " al. (1983) showed that the opposition brightening is most
obtained, resultln'g frqm the almost monolayer na’que |'mpI|- naturally accounted for by the enhanced single scattering
C?ted byD ; ?’1 mth'S case. Altqlgetthe:r;che mod;flcagofns contribution near the zero solar phase angle, due to the re-
Of Nonzerol) Tound here are similar to ose I Fg. 7101 g, 004 amount of mutual shadowing between particles. Since
a Lambert phase function. However, with an extended size . . o

o : . : o the angular width of the predicted opposition peak depends
distribution the increase in the low brightness is signif- o . L
) ) sensitively on the volume density, the opposition effect sets
icantly reduced (see Table 3). Also, the multiply scattered . ) .

a very strong observational constraint on the effective vol-

contribution at highx approaches the classichl= 0 level - .
as the width of the distribution increases. This low vs. high ume filling factor, and thus, also on the vertical extent of the

a behavior is studied in more detail in Section 4.3. rings. Especially, Lumme et al. (1983) also argued that any
Also shown in Fig. 11 are contributions from Saturn’s intrinsic opposition gffectforthe partigles themgelves_canpot
illumination, both from Dones et al. (1993) and from our replace the shadowing effect (exceptin the unlikely snuauoq
present calculations. We also verified the correct ring lon- that the observed phase curve corresponds exactly to the sin-
gitude dependence of Saturn shine, by checking our calcu-9le particle phase function). The derived smialk 0.02 for
lations against Fig. 13 in Dones et al. Saturn-shine is not the B-ring (Lumme etal., 1983), which corresponds to a ver-
considered further in the present study, concentrating on ob-tical ring thickness of- 50 particle radii forr ~ 1, seems to
servational comparisons in cases where it plays only an in- be in clear contradiction with our dynamical models of Sec-
significant role. It will be included in paper Il in the analysis tion 3. On the other hand, strict monolayer models (Hameen-
of the azimuthal asymmetry for a wider range of observing Anttila and Pyykko, 1972; Hameen-Anttila and Vaaraniemi,
geometries. 1975), although allowing the tilt effect, cannot account for
the opposition behavior without an intrinsic opposition peak
for the particles. It is thus of considerable interest to check
4. Applicationsto Saturn’srings what is the photometric behavior of the dynamical models
sketched in Section 3, falling between these two extremes.
We next apply our MC method to the photometric be- Besides calculating the photometric implications of these
havior of Saturn’s rings. Our main goal is to check whether dynamical models, we also briefly check that our method
the moderately flattened, large volume density models pre-can reproduce the main results of the previous studies.
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4.1. Opposition brightening where p; is the geometric albedo of particles agg is the
particle phase-function, normalized to unityaat= 0. The

Theoretical arguments (Irvine, 1966) suggest that the shadowing functiog; is calculated by (Lumme and Bowell,

maximum increase in the single scattered component is by1981)

a factor of 2 at the exact opposition, and that significant

brightening takes place over an angular range D. To get 1

a quantitative picture, we have performed MC calculations ¢, («, 1, t, D) = xe* / 121Xt gy

with D ranging from 0.004 to 0.1. We start by assuming a o

homogeneous layer of particles, witgyn, = 0.4 and 10,

the values which have been used to represent Saturn's A-,. _ — I”(l__ D) A D.

and B-rings in previous studies (Lumme and Irvine, 1976; 1.19sin@)  1.19sine)’

Esposito and Lumme, 1977; Lumme et al., 1983). In accor- 4, — exp(—1/(x ), (37)

dance with the analysis of ground-based observations we use

B = B’, so that the variation in solar phase angle is due to the where it = 2uuo/(; + po) is the harmonic mean of the

azimuthal difference in illumination and viewing. Two ele- sines of the illumination and observation elevations: obser-

vation anglesB = 6° and 26, represent the range for which  vations at slightly differenjx and o are usually reduced

ground-based photometry has been analyzed in previous lit-to this representative value. These formulas were originally

erature. derived in Lumme and Bowell (1981) for arbitrary shaped,
Figure 12 displays the ratio of simulated singly scattered nonidentical particles: in the above form they apply to iden-

flux to the theoretical one fab = 0 (Eq. (33)), as a function  tical spherical particles (Lumme et al., 1983). In the limit

of o for variousB, T combinations. Also shown is the theo- ¢/ji — oo, to — 0 and the integral yieldg, (« = 0°) = 1,

retical enhancement ratio. According to Lumme and Bowell whereasp, — 0.5 aso > 0°.

(1981), the inclusion of shadowing yields In terms of P(«) (Lumme and Irvine, 1976),
I _ 1o
T = 2n1p(@)¢s (. ji. T, D) . (36)  pigp(a) = AP(@)/4, (38)
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Fig. 12. Opposition brightening of singly scattered radiation. Results of MC simulations for homogeneous systdins Wifld4, Q02 and 01 are shown for
different B andrgyn combinations, together with the theoretical model by Lumme and Bowell (1981) (curves represent Eq. (39)). Simulation phase curves have
been scaled by ~ —log(1 — D) to make it easier to compare differebts to the theoretical curve: the horizontal scale corresponds t6 151%, and 30,

for D =0.004, 0.02, and @, respectively. The values of path optical depths marked in the plots are calculaiggiiey 2tqyn/ sinB’, thus corresponding to

D = 0. The effect of using the actual photomettjg, for D = 0.1 (= 2.04 instead of B2) is indicated by the dashed line in thgn = 0.4, B = 26° case,

where the difference is most significant.
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Fig. 13. On the left: the maximum amplitude of opposition brightening of singly scattered radiation as a funefigi, dfhe results of MC simulations of
Fig. 12 fora = 0° are compared to Lumme—Bowell formula, predictifighax= E(«¢ = 0) = Issla =0, D #0)/Iss(la =0, D =0) = 2(1+ exp(—rpath/zrl.

A few additional cases withgyn = 0.25, B = 26° and B = 50° are also included, to extend the comparisons to loggi, On the right, the theoretical and
simulated widthw of the opposition peak are comparedis defined byE (w) — 1= (Emax— 1)/2. Solid ticks on the right axis also mark the width calculated
from Hapke’s (1986) formula for a semi-infinite layer of particles. In this plot, the aepaai calculated from simulatedhnor, and the exact logarithmic factor
are used in theoretical formulas.

so that combining Egs. (37) and (36) with Eq. (33) indicates from Eq. (37), likewise indicating a fairly good agreement

enhanced single scattering for all studiedrpath values. Note that in the extreme case
E(a, fi, 7, D) = E(x, t/1) [/F(D) gtlidied,rdyn = 0.25, so thatH /s is only about 3 forD =
o, U, T, = X, T - - - 1.
g # I/F(D=0)

_ In Lumme et al. (1983) the above formulas (Egs. (36)

— M (39) and (37)) for single scattered flux were applied in fitting the
1 — exp(—tpath) observed phase curves of Saturn’s B-ring at various eleva-

corresponding to a 2-fold maximum increase in exact oppo- tion angles, and it was found that a homogeneous multilayer

sition for tpath — co. According to Fig. 12, the agreement model with D = 0.02 andt > 1 gave a satisfactory fit for

of Iss with the Lumme—Bowell formula is very good in all  the whole rangeB = 6°-26°. Additionally, the estimated

cases, including those whetgath is moderately small. Es-  amount of multiple scattering yielded a set of acceptable

pecially, theD-dependence is fairly accurately described for combinations of asymmetry parametgrand single-particle

the studied rang® < 0.1. Also, the multiply scattered con-  albedosA. In Fig. 14 (upper row) we use one of the fi-

tribution near opposition is practically unaltered by different nal models in Lumme et al. (1983) (their model A assum-

D's, in agreement with Esposito (1979). ing a Henyey—Greenstein phase function wgtk= —0.30,
Figure 13 studies in more detail the dependence of maxi- A = 0.92), together with their observations in the red band.

mal opposition enhancement @ghn (= 27//1). In the limit In agreement with Lumme et al. (1983) the observed steep-
a/D — 0, while keeping/j finite, one hasy — 1 andthe ~ ness of phase curve corresponds fairly welllio= 0.02,
Eq. (37) impliesp; — 1 —exp(z/[1), indicating for both studied values oB, while, for example,D = 0.1

5 would make the opposition peak much too extended. On the
Emax= (40) other hand, even witl® = 0.02 we have a disagreement be-

1+ exp(—Tpatv/2) tween our calculated overdl) F level and observations for

for any nonzerd. This formula seems to be very accurately B = 26°: we return to this in the next section addressing the
valid even forrpath ~ 1, when the enhancementis only about tilt-effect in more detail. In the case of a strict monolayer

20%. This figure also compares the simulated and theoreticalmodel the brightness would stay practically constant over
angular width of the opposition peak, evaluated numerically the studiedr range.
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Fig. 14. In the uppermost row homogeneous systems with diffebésntare compared to the observed B-ring phase curves. The observational curves for
B’ = B =6° and 26 are constructed from Lumme et al. (1983) Egs. (4), (5) and Table Ilb, uging F = 0.68 for the calibration of the brightness of
Saturn’s equatorial zone in the red £ 620 nm, Lumme and Reitsema, 1978). The assumed albéde 0.92) and phase function (Henyey—Greenstein
law with ¢ = —0.3) correspond to model A in Lumme et al. (1983), aggh = 1. In the two lower rows size distribution models with increasing width are
compared {gyn = 1.25, except for the last model for whialgy, = 1.5). The albedo is the same as in the homogeneous models, ile0.35.

Is there a way to make high preferred by dynamical

the observed steepness of opposition brightening in the case

models consistent with the observed opposition effect? In of dense rings.

principle, the vertical profile might help to reduce the width

On the other hand, as shown in the previous section, an

of the opposition peak for low elevation angle observations, extended size distribution is much more effective in shift-
as the scattering will occur mainly on the upper layers with ing the photometric behavior to resemble that with lower

smallerD than in the central plane. However, in itself this ef-
fect is too weak to modify significantly the opposition peak.
For example, taking thegyn = 1.25 run with identical 5-m
particles, withD(0) = 0.33 (Table 1), yields foiB = 6° a
phase curve which is fairly close to th,n = 0.1 curve in
Fig. 12, whereas foB = 26° it would be much flatter, close
to that one would obtain fobynj = 0.33. Consequently, the

The two lowermost rows in Fig. 14 apply the size distrib-
ution models of the previous section, and indeed, when the
size range is sufficiently extended (0.05 to 5 m), a very good
fit to observations on botB values is achieved. In this figure

a Henyey—Greenstein function wigh= —0.35 was used,
chosen with the purpose of fitting the brightness level of the
curve in the last frame with observations. A similar reason-

vertical distribution alone seems not to be able to account for able fit can be obtained with the Callisto phase function: in
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Fig. 15. The most extended size distribution modek(0.05-5 m,zgyy = 1.5) of Fig. 14 is compared to the observed red and blue phase curves of Saturn’s
B-ring. The observational curves for red are the same as in Fig. 14, and the curves for$ld8q nm, Lumme and Reitsema, 1978) are also from Egs. (4),
(5) and Table llb in Lumme et al. (1983), usiigz/F = 0.26. Models assume the Callisto phase function.

Fig. 15 the most extended size distribution model of Fig. 14 Hapke (1986) the functiow = (s2)1-°/(s3) was tabulated
is compared to observations (Lumme et al., 1983) in both red for different power-law size distributions, as a function of
and blue. Although no specific attempt was made to deduce Wy = smax/smin. ESpecially, forg = 3,

any set of besg andA combinations, the overall agreement 15

is fairly good. Thus at least in principle the observed oppo- y _ V2 (log(W; )W

sition effect of Saturn’s rings could be interpreted as arising (W5 — D)(W2 — 1)05

from mutual shadowing, without any contradiction between w2

dynamical and photometric assumptions. The requirement = YHapke X (Ws — 1)(W2 — 1)05° (44)
s K

for this is that the size distribution extends to about 0.05 m, ) '
for a particle elasticity close to that of the Bridges et al. Where a correction factor has been added to Hapke's tabu-

(1984) formula. lated valueYHapke Vvalid for the limit Wy > 1.

It is of interest to compare the effect of the size distri- N Fig. 16 the simulated width of the opposition peak is
bution on the width of the opposition peal, with the compared to Eq. (43), using the size distribution runs with

treatment of semi-infinite particle layers in Hapke (1986), Ws = 1-100, and comparing both the cases with= B’ =
according to which 6° and B = B’ = 26°. In the left-hand frame the angular

width of the opposition peak is shown normalized by a com-

tan(w/2) = M (41) mon valueD = 0.3 (close to the typical value ab(z = 0)
2 in these runs), to emphasize the absolute trend o§. Wy,
n. =—nlog(l— D)/D, (42)

as well as the large difference betweBn= 6° and 26.
where (o) is the number averaged scattering cross-section Although for B = 26° the simulatedw/D is close to that

of particles,(r) = /{o) /7, n is the number density of parti-  predicted by Eq. (44), foB = 6° the actual width is much
cles, whilen, is the effective number density for extinction smaller. A more appropriate comparison is made in the right-
when taking into account the finite volume density. These hand frame, usingD’s evaluated at the depth where the
guantities are to be evaluated at the layer where the slantslant optical depth is unity. FoB = 26° these vary be-
optical depth calculated according to Eq. (42) equals unity tweenD = 0.15-028, while for B = 6°, D = 0.021-0095.

(ne =n.(1)). Insertingn = D/{V), where(V) is the aver- These are very similar to values indicated by Fig. 9, al-
age volume of particles, yields though for consistency, we have now used Hapke's formula,
2tar(w/2) V) 3 (AL Eq. (42), which corresponds t@noy/ tayn &~ 1 4+ 0.5D, in-

w/D ~ = = (43) stead oftphot/ Tayn = 1/(1— D) =~ 1+ D used in the previous
—logl—-D) (V) 4 (s7) plot. Now for bothB = 6° andB = 26° the behavior ofv/D
In the case of identical particles this givas' D ~ 3/4, is close to that predicted by Eq. (44) (solid line). The clearest

whereas in the general cas¢ D depends on the form ofthe  discrepancy is seen for small;, corresponding to systems
size distribution at the depth of effective scattering- 1. In with the highest effective volume density—in fact, part of
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Fig. 16. The width of opposition peak in size distribution simulations, in comparison to Hapke’s (1986) formulas. In the left panel, the widtipokitierop
peak for elevations8 = 6° and B = 26° is shown, normalized by) = 0.3, which approximates the central plane filling factor in our size distribution runs
(see Table 2). The solid line indicates the functioe= 3(s2)1‘5/(4(s3)), while the dashed line indicates the approximation validsfggx/smin >> 1, given in
(Hapke, 1986, Table I). In the right panel, the width is normalized by the volume filling factor at unit slant optical dégth; 1), yielding a fair agreement
with theoretical formula. In addition, dashed and dotted curves indicate the valliesvafuated directly from the particle distributions.

this discrepancy would be removedjhoy/ Tayn = 1/(1— D) preted in terms of increased multiple scattering for increas-
were used. ing w, this component being much more important in the
Figure 16 also shows the curvése andYe-, evaluated  B-ring (r = 1) than in the A-ring £ = 0.4). However, it was
using the actual particle size distributions at the geomet- fajrly difficult to get enough multiple scattering, even with
ric depth corresponding te, = 1 (dotted and dash-dotted ¢ single scattering albedo close to unity. For example, the

lines), deviating slightly from the effectivE for the whole Lambert-phase function cannot yield a strong enough tilt-
system, due to the above described vertical segregation of

’ . . effect for the B-ring (Lumme and Irvine, 1976). In Esposito
sizes. However, the difference is not very pronounced. Also and Lumme (1977) it was proposed that an inclusion of a
note carefully that the curves fafe and Ys. do not fall Prop

close to the correct simulated values: ®e= 6° the simu- forlward scattering lobe to the single particle phase fgnctign,
lated width is narrower than the predicted one, whereas theUSing formulas of the type of Eq. (26), would help in this
opposite is true foB = 26°. This could be due to an addi-  espect, by enhancing the amount of multiple scattering.
tional tpa effect similar to that studied for identical particles ~ In both Lumme and Irvine (1976) and Esposito and
in Fig. 13, which is not included to Hapke's formulas for Lumme (1977)D = 0 was assumed. Strict monolayer mod-
semi-infinite layer. Nevertheless, Hapke's physical picture of els with Lambert-type particles can also produce a strong
opposition peak being mainly determined by effective pho- tilt-effect without the need for multiple scattering (Hameen-
tometric parameters at the unit slant optical depth seems toAnttila and Vaaraniemi, 1975). Basically the brightening
be fairly useful in interpreting the simulation results, and in with increasing elevation would then be due to limb-
accgrdance with the speculations we presented in connectionyarkening of particles: at low elevation angles only shal-
to Figs. 8 and 9. lowly illuminated edges of the particles are visible, reducing
the brightness. A3 = B’ increases larger portions of the
particles become visible, including the almost perpendicu-

Ground-based observations indicate that the brightnessi@"!y illuminated bright particle centers. For even larger
of the A-ring is almost independent of elevation (tilt) angle the gaps between particles become visible, finally reducing
while that of the B-ring increases by about 25% between 6 the brightness. Since for monolayer models lowegorre-
and 26 (Lumme and Irvine, 1976). In Lumme and Irvine sponds to a larger separation between particles, this eventual
(1976) (see also Price, 1974), this brightening was inter- dimming is achieved at smaller elevation foe= 0.4 than

4.2. Tilt effect
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Fig. 17. Monte Carlo calculations of the A- and B-ring tilt effect, in comparison to Lumme and Irvine (1976) observations in gregrdigo(nm, Lumme
and Reitsema, 1978). The observed values are traced from the Figs. 5 and 2 in Esposito and Lumme (197£) ABing0.62. In the upper row, Monte
Carlo calculations for a homogeneous ring with~ 0 and for a monolayer are compared. For the multilayer model, Eq. (26)gwith —0.5, go = 0.5,

b = 0.4538 was used, while for the monolayer Lambert element scattering was assumed. The dashed lines indicate the amount of multiple scattering. Her

Tphot= 0.4 and 10 for both multilayer and monolayer models: in the latter case this actually refegpd@g90°). In the middle row, runs for homogeneous
systems with differenD’s are compared, using Callisto phase function. In the lower-most row, extended size distributions models arergjyeic@i4 and
1.25-1.5 for A- and B-ring models, respectively). In all cages6°.

for T = 1.0, explaining the difference for the A- and B-rings basic difference in the cause of the tilt-angle behavior in

in the monolayer-models.

these two models. Due to high in the monolayer model,

Figure 17 (uppermost row) compares Monte Carlo calcu- alower particle albedo can account for the overall brightness
lations for monolayer models similar to those in Hameen- level. However, the abrupt drop in the brightnessuias- 0
Anttila and Vaaraniemi (1975) (Lambert-scattering) and for predicted by the monolayer model is not present in the ob-
multilayer models with the same phase functions as in Es- servations, which on the other hand are well fitted by the
posito and Lumme (1977). Models for both the A- and the models of Esposito and Lumme (1977). The results of our
B-ring are shown, together with observations (Lumme and calculations agree well with the theoretical curves presented
Irvine, 1976) in the green bandr (= 6°). Multiple scat-
tered contributions are shown separately, to emphasize theosito and Lumme (1977). Note that in the former study a

in both Hameen-Anttila and Vaaraniemi (1975) and in Es-
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successful comparison was made to another set of observa- In Lumme et al. (1983) the total intensity (far= o =
tions (Hameen-Anttila and Pyykko, 1972), which however 1) was written as

was based on many fewer images than that of Lumme and

Irvine (1976) and also may suffer from an inadequate smear- 1 (& 1)/ F' = p1¢p ()¢5 (e, 1) + pm (i), (45)

ing correction (see Lumme and Irvine, 1976). where, as in Eq. (37, and¢, are the normalized parti-

In the middle row of Fig. 17 vertically uniform sys-  ¢je phase-function, and the above described Lumme—Bowell
tems with increasing volume densities are compared, forshadowing function ¢ (@ = 0°) = 1 and ¢ — 0.5 for

the Callisto phase function. In accordance with Section 3.4, , > 1°), p1 is the geometric albedo, ang, is the con-

larger D, or equivalently a smaller vertical thickness, en- iipution of multiple scattering f, — 0 asu — 0°). For
hances the brightness. According to Fig. 14 this can be in- ihe studied range < 6° ¢, () stays close to unity. Thus
terpreted to follow from the more extended opposition peak 1(0°, i)/ F = p1+ pm (i) Whereas, for example, for= 6°
for largerD. For the A-ring case the opposition brightening sy died in Fig. 17/ (6°, 0)/F ~ p1/2 + pm(i1). Lumme et

is less pronounced, due to its lowelcompare to Fig. 12). 5. (1983) define the multiple scattering factor
In comparison to a monolayer, the strong drop in brightness

for u — 0is absent (or just weakly present for=0.1), in- O(i) = pm () /(p1+ pm()), (46)
dicating that this effect in the monolayer model is an artifact
caused solely by the requirement of having the particle cen-
ters strictly in the same plane, and not due to nonzero
However, all the curves for uniforn® are rather flat for
7 =1, and thus not able to account for the B-ring tilt-effect.
In the case of an extended size distribution (lowermos
row in Fig. 17) the tilt effect for the B-ring is nicely fit-
ted. This follows from the fact that for low elevation angles
the reflection is mainly due to the rarefied envelope former
by the small particles, whereas with increasing elevation the
dense inner layers become more important. Consequently
thel/F curve follows the curves of successfully larger con-
stantD asu increases. Also in these size distribution models
the required amount of multiple scattering is fairly small, al-
lowing for a moderately low particle albedo. In the figure
the best fit is achieved fainin ~ 0.10-0.5 m, smaller and

upper minimum values yielding either a bit too flat, or too | h " o el i thei
rapidly rising I/F vs. u, respectively. On the other hand, Name Y, as the 'opposmon € ect was npt included n their
theoretical multiple scattering calculations, these yield a

the observed flatness of the A-ring tilt curve is less sensitive * .
to size distribution. O1odel Which actually corresponds to

Thus, models with moderately high central plane filing /-y _ / (= .
factor seem to be consistent with both the opposition and Q') = P/ (p2/2+ P (). (1)
tilt-angle behavior of the B-ring, provided that the particles’ where p1/2 is the singly scattered flux without a contri-
size distribution is taken into account. However, as men- bution from opposition brightening. As a consequence, the
tioned above we were not able to find a very satisfactory fit to actual amount of multiple scattering,
observations for a uniform system wifh = 0.02, in terms ,
of multiple scattering in large albedo models (see Fig. 14, p; = LQ/,
upper row). Since this result disagrees with the conclusions 2(1-09
in Lumme et al. (1983), even though the same phase func-following from Eq. (47) is only one-half of
tion was used, we considered it important to check the cause
of the difference. In this respect it is important to note that p,, = P10
in Lumme et al. (1983) the comparison to observations was 1-0
only made in an indirect manner, via the fraction of multi- following from Eq. (46). Thus, the identification @ model
ple scattering indicated by their observational fits and their with Qops in Lumme et al. (1983) seems to have overesti-
theoretical models, not by actually comparing the fitted and mated the amount of multiple scattering following from the
observed brightness curves. As described below, the inabilityassumed phase function by a factor of two.
to account for the observed tilt-behavior with the Lumme et Support for our conclusion about the cause of the dis-
al.’s (1983) phase function is likely to arise from their way of crepancy is given in Fig. 18, showing the singly and multiply
combining the theoretical opposition-brightened single scat- scattered contributions for the Lumme et al. (1983) model A,
tering flux and the numerically calculated fractional amount calculated by our MC method. With = 103, approximat-
of multiple scattering. ing the classical limit, we find a good agreement with the

which corresponds to the fractional contribution of multi-
ple scattering atero phase angle (including the opposition
brightening of the single scattered contribution). From fits
to their observed phase curves at varipyd.umme et al.

¢ (1983) find p1 to stay practically constant, and determine
the value ofQ(jx) = Qops FOr a given choice of the parti-
cles’ phase functionp; then determines the single particle
albedo A. The next step in Lumme et al. (1983) was to use a
radiative transfer codayithout allowance for mutual shad-
owing, for determiningQmodel(it) for the adopted phase
function. A large range of models with different A's and
parameters, g1, g2 in a 2-lobe Henyey-Greenstein phase
functions were systematically explored and the fit was con-
sidered acceptable if thi®model agreed withQgps at all
observedi’s within error bars. However, the problem in
this procedure is with this identification @fogeiand Qobs.
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Fig. 18. Model A in Lumme et al. (1983) is studied: Henyey—Greenstein
phase function withg = —0.3, A = 0.92, homogeneous multilayer with

D = 0.001 andrgyn = 1, for @ = 6°. The observational values for the red
band are from Table lla in Lumme et al. (1983). The solid curves show the
single scattering and total fluxes calculated with the MC method, as well as
indicating how the results would be better consistent with observations if the
multiple scattering contribution is multiplied by a factor of 2 (dashed curve).
As detailed in the text, this has likely been the effect of the combination of
theoretical singly scattered flux and the radiative transfer calculations for
multiple scattering, as carried out in Lumme et al. (1983). The dotted curve
shows the good agreement in the calculated fractional amount of multi-
ple scattering: symbols stand for values in (Lumme et al., 1983, Table V),
while the curve denotes the current calculations. In the ¢ase0.02 the

I/F due to single scattering would rise by abol@®

Omodel Calculated by Lumme et al. (1983, Table 1V): how-
ever the combinedss+ Ims (solid line) falls clearly below
observations. On the other hand, if we multiply by two the
fractional contribution of multiple scattering, as we suspect
is implied by their procedure, this+ 2Iims (dashed line)
would fall much closer to the observations, in the manner in-
dicated by Lumme et al. (1983, Fig. 3). The same holds for
the other models in Lumme et al. (1983, Table IV). The only
effect of the nonzerd is to increase slightly the amount
of single scattering: usin@® = 0.02 instead ofD = 0.001
shifts thel/F curves upward by about 0.03 for all. In
conclusion, it seems that in order to account for the B-ring
tilt effect with multiple scattering, an even larger fractional
contribution of multiple scattering would be needed than im-
plied by Lumme et al.'s (1983) models.

4.3. Voyager observations
In their detailed analysis of Voyager images Dones et al.

(1993) successfully explain the overall photometric behavior
of the A-ring, in terms of macroscopie & Avis) backscat-

tering ring particles. The deduced single particle phase func-

tion and albedo vary slightly with planetocentric distance,
the particles becoming less backscatterigge( —0.55 —
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eral aspects in which the photometric behavior deviates from
that following from their classical radiative transfer models.
For example, the optical depth profile derived from \Voy-
ager 2 photopolarimetric (PPS) occultation measurements
shows a correlation with the reflected intensity profile, which
is not expected for a thick multilayer ring at low elevation an-
gles for whichrpath > 1. Also, the A-ring as a whole shows

a reversed contrast in high and low phase angle images, the
inner parts being brighter than the outer parts for lew
while the opposite is true for high. Contrast reversal is
seen also locally near strong density waves, which appear
brighter than their surroundings at largend less bright for

a < 20°. For the outer thirds of the A-ring Dones et al. find
that a power-law type particle phase function can reproduce
well both the small and large behavior, whereas for the in-
ner two thirds their models imply too much brightness for
a > 100°. As suggested by Dones et al. (1993) all these dis-
crepancies may be related to a smaller vertical thickness in
the inner portion of the A-ring, the thickness gradually in-
creasing toward the outer boundary, for example, due to the
net energy input via numerous satellite resonances. In the
density wave regions themselves the local thickness may be
expected to be most strongly enhanced.

The effect of small vertical thickness on the brightness at
large phase angle is tested in Fig. 19. Here Voyager obser-
vations for the inner A-ringd = 122500 km, witht ~ 1)
are compared to models with different volume filling fac-
tors. As the optical depth in this region is higher than the
typical value for the A-ring, a largeD (possibly further
enhanced by a smallgd) may also be expected. The left
panel (with D ~ Q) corresponds to Fig. 17 in Dones et al.
(1993), indicating how power-law phase functions giving the
right brightness in the smadi-regime fail to fit the highx
observations. As in Dones et al. (1993), the scaled reflectiv-
ity, I/F multiplied by 4w + o)/ o, is shown. For low,
where single scattering dominates, this multiplying factor re-
moves the geometric part of Eq. (33), the scaled intensity
thus representing the produdtP (o), making it easier to
compare observations with differeBtand B’. In the right
panel, a homogeneous model with= 0.1 is studied (corre-
sponding toH /s ~ 13). In agreement with the cases studied
in Section 3, larger volume density enhances single scat-
tering, making it possible to match the lawobservations
with a nearly 20% smaller albedo. Since the higbright-
ness is mainly due to multiple scattering, this is consequently
reduced due to the changen Also, as the multiple scat-
tering component is reduced by the nonzératself (see
Fig. 11, and Table 3), the total reduction amounts to about
one half, enough to bring the largebrightness to a reason-
able agreement with observations. Similar improvement in
the match can be achieved for even somewhat labgerin
contrast, a monolayer model would fail, giving a teuall

—0.5) toward the outer edge, and albedo slowly decreasinghigh « brightness, if the albedo is reduced to match the low

being, however, close ta®throughoutthe ring. The amount

« brightness. However, in the case where an extended par-

of microscopic forward scattering dust was estimated to be ticle size distribution (withsmin < 1.0 m) is included, the

very small. However, Dones et al. (1993) also point out sev-

match is not as much improved over that #or= 0, since
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Fig. 19. In the left panel, various power-law phase functions are shown in comparison to Voyager observatied22600 km. A uniform ring model with

tdgyn =1, D = 0.004 is studied, approximating the classi¢ai= 0 case. The scaled reflectivity, explained in the text, is shown. The data are taken from Fig. 17
in Dones et al. (1993), and the same power-law phase functions are studied, for observing geometries tabulated in Table Il in Dones et al.ngawespondi
two set of solar elevations3’ ~ 4° and to B’ ~ 8°. In the right panel, the same phase functions are applied to a homogeneous rirg wihl: due to
increased brightness at backscattering, thedavbservations can be fitted with a smaller albedies 0.42. Because of reduced multiple scattering at high
(resulting both from the smallet and from the increasen itself), also the highx observations are better fitted.

the enhancement in low brightness is less than for single- is some similarity to observations of the inner A-ring (see,
sized particles and since the multiply scattered componente.g., Fig. 7 in Dones et al.). In comparison, in the case of
for largew is in fact almost the same as in tlie= 0 case extended size distribution the sensitivity of brightnessron
(see Table 3). However, the use more in elastic particlesis much reduced, and the model brightness profile is almost
would increase the effectiv@ also in the case of a more ex- as flat as that for th® = 0 case. For large phase angles the
tended size distribution: for example, if a constant elasticity brightness is practically constant foe= 0.4—1.0, in all three
€, = 0.1 is adopted, thesiin = 0.1 m (see Table 3) would  cases.
yield a very similar curve as obtained fgfin = 1.0 m in In principle, the difference found above in the low and
the case of the Bridges et al. elasticity law (corresponds in high phasel/F dependence onm (for the identical parti-
many respects, ~ 0.5), being still within the uncertainty of  cle model) implies that the ratif z- /1155 increases slightly
observations. with t. Thus the inner portion of the A-ring, with higher than
For Voyager observing geometries the brightness of a averager, would be relatively more bright in low images
thick multilayer ring with D = 0 is expected to be prac- in comparison to large;, than the optically thinner outer
tically independent of optical depth far > 0.4, charac- ring. However, according to the model of Fig. 20 this ratio
teristic for the A-ring. The allowance of nonzef alone  varies less than 10% far = 0.4-1.0, and is thus insignifi-
will not change the situation i) is constant withr (see cant in comparison to the observed large contrast difference
Fig. 11). However, in dynamical simulatiori3 always in- between the inner and outer A-ring. The observed strength
creases monotonically with, and if this increase is strong ~ Of contrast reversal amounts to roughly 2, if estimated by
enough, it may lead to a correlation betwdesndz also for the ratio of
the interesting range af = 0.4-1.0. Figure 20 displays the  [/F(a¢ =9°,a~122500km
I vs. 7 dependence for dynamical simulation models, both 7/ F (¢ =9°,a ~ 136000 km
for identical 5-m particles and for an extended size distrib- nd
ution with spin = 0.1 m. Both low and high phase angle are
studied, and the simulation parameters are also listed in Ta- A
ble 2. For identical particle®(z = 0) increases from 0.12  I/F(a =15%,a~ 136000 km
to 0.25 asrphot varies from 04 — 1.0, leading to about a  indicated by Figs. 7 and 9 in Dones et al. (1993). Qualita-
10% increase in the low brightness, in contrast to less tively, this strong contrast reversal might be accounted for if
than 2% variation for theD = 0 case. The resulting vs. the effectiveD has a rather high value, sdy > 0.2, at the
7 dependence is also applied for constructing a model radialinner A-ring, decreasing to practically zero near the outer
brightness profile for the A-ring, based on PPS optical depth edge. The possible effects of such variations are studied in
measurements (Fig. 20, lower frame). Although the modeled Fig. 21a, showing the fractional brightness enhancement in
brightness variations are smaller than the actual ones, therenonzeroD models over that folD = 0, as a function of

1.3 (48)

1/F(a=155,a~ 122500 km _

0.65, (49)
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Fig. 20. Dependence betweenand the ring brightness, for geometries corresponding to Fig. 11. Dynamical simulation models both with identical 5-m
particles and with a size distribution from10to 5 m are studied, and compared with the= 0 case. In the plot the simulation results are plotted against
their photometricr’s, listed in Table 3. In the lower frame thievs. T dependences far = 13° are applied for converting the PPS occultation profile into a
brightness profile model.
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Fig. 21. In (a) the phase angle dependence of various models is shown relativerte-th®, D = 0 multilayer model. The used values @f B, and B’
correspond to those in Fig. 19: the scatter of points results from combining two set of solar elevations, not from any Monte Carlo uncertaintyciMaelels i
a homogeneous system with= 0.2 and two size distribution models, with,j, = 1.0 and 02 m. In (b) the difference of / F for the Mimas 5:3 resonance
site in comparison to its surroundings is modeled, by assuming that the surrounding regigg,ha®.4 and a size distribution from 0.5 to 5 m. For the
resonance site it is assumed that & 3 size distribution extends to 0.15 m, with correspondingly increaggg= 10g(5.0/0.15)/109(5.0/0.5) x 0.4~ 0.6.
Compare with Fig. 22 in Dones et al. (1993). In both frames 0.5 and the Callisto phase function are assumed.



Photometric Monte Carlo modeling of Saturn’s rings

phase angle. According to this figure, a uniform system of
identical particles withD = 0.2 — 0 asa increases from
122500— 136000 km could provide nearly the observed
amount of difference. In this simple picture, neglecting any
optical depth or phase function effects, the overall bright-
ness profile would be flattest far~ 120°—130 where the
enhancement in the brightness due to nonZroirns into

reduced brightness. However, again the inclusion of an ex-

tended size distributionsin < 1 m) would significantly

weaken this effect, at least for the Bridges et al. (1984) elas-

ticity law.

The reduced brightness at strong density wave regions

relative to their surroundings, seen in lawimages, and,
respectively, the increased brightness in largmages (see
Dones et al., 1993, Figs. 7-9) might in principle also follow
from a reducedD due to locally enhanced ring thickness.
However, the model in terms of spatial variationZinonly

is insufficient to account for the fact that the contrast rever-
sal occurs atr ~ 20° (see Dones et al., 1993, Fig. 22), not
around 120 as in the model of Fig. 21a. On the other hand,
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scatterings. The new direction after scattering was obtained
by MC-sampling from either the surface element’s scatter-
ing law, or from a spherical-particle phase function: in the
latter case it was found more accurate to continue the pho-
ton path from the intersection point, not from the particle
center. The periodic boundary conditions of the dynamical
simulation were taken explicitly into account, so that a pho-
ton escaping from the actual calculation region enters one of
the image regions of the original simulation region. Inclu-
sion of image particles is very important in modeling of low
illumination and viewing elevations.

Some computational tricks were employed to enhance the
efficiency of the calculations (e.g., in the search of intersec-
tion points, treatment of image particles). Most importantly,
the direct MC-method was augmented with a backward MC,
as it would be very wasteful to deduce the brightness of the
system in a given viewing angle by sampling only photons
leaving the system to this direction. Instead, for each scatter-
ing event we checked whether the scattering point was vis-
ible from the predefined viewing direction. If so, we added

if we assume that a significant number of small particles is the contribution of this scattering to the final brightness in
released in the resonance zone (say,0 cm particles oth-  this direction, taking into account the scattering law of the
erwise trapped on the surfaces of the larger particles) theparticle or surface element. In this manner, each of the path
situation improves. Figure 21b shows a crude model for segments of each photon may contribute to the result in the
the Mimas 5:3 resonance zone. For the background ring,direction we are interested in. Compared to direct MC this
tgyn = 0.4 is assumed (corresponding to the PPS occultation reduces the necessary number of photons by even a factor of
value), and a size distribution from®to 5 m, while for the 1000, for a given desired accuracy.
resonance zone the distribution is extended 1&@n, which The results of the Monte Carlo code were checked against
for a power-indexy = 3 indicates enhancegjyn = 0.6. In previous calculations, both in the limit of vanishing vol-
the resonance zone the effectifeis reduced due to these ume densityD (Dones et al., 1993; Esposito and Lumme,
extra particles, making it dimmer in the backscattered light 1977) and in the limit of a monolayer (Hameen-Anttila
than the surrounding region. However, tor> 20° the in- and Vaaraniemi, 1975). Different phase-functions (Lambert,
crease ine is sufficient to brighten the resonance site over Henyey—Greenstein, power-law) and both ground-based and
its surroundings (without increasedhe reversalwould take ~ Voyager geometries were checked. Also comparisons to
place neax = 120° as can be roughly estimated by compar- Chandrasekhar’s analytical expressions for isotropic scatter-
ing the curves for the two size distribution models compared ing were used. The obtained good agreement in all these
in Fig. 21a). Altogether, the qualitative agreement of this tests, and the good computational efficiency of the indirect
simple experiment to the observations shown in Fig. 22 in method, makes it well suited for detailed photometric mod-
Dones et al. (1993) is surprisingly good, except that the ob- eling of Saturn’s rings.
served amplitude of contrast is about 50% larger. There are  Our experiments with homogeneous systems with non-
several obvious ways to refine this model: for example, as- zero D indicate that finite ring thickness can lead to signifi-
suming also larger vertical thickness for the resonance sitecant brightening of the singly scattered reflected component
would further decrease itB, thus increasing the brightness (and reduction of the transmitted one) whereas the multi-
drop for lowa. ple scattering is less affected, in agreement with Dones et al.
(1989), Peltoniemi and Lumme (1992), and Esposito (1979).
For perpendicularly illuminated layers of identical particles
with t ~ 1, this brightening amounts to rough{§ + 2D)
for most directions of emerging radiation. Increased bright-
Photometric modeling of Saturn’s rings, including mul- ness is also obtained for low elevation illumination, being
tiple scattering and a particle size distribution, has been most pronounced at small phase angles. However, &igh
carried out in a straightforward manner by using a Monte brightness, dominated by multiple scattering for backward-
Carlo (MC) technique (see, e.g., Plass and Kattawar, 1968;scattering particles, is reduced. Nonzéralso enhances the
Salo, 1988). We assumed that the layer of simulation parti- photometric optical thickness of the particle layer over its
cles was illuminated by a large number of photons, arriving dynamical optical depth, the latter defined by the total frac-
either from the Sun or from Saturn, and followed in detail tional area of particles, often termed also geometric optical
the path of each individual photon through the successive thickness (see, e.g., French and Nicholson, 2000). For homo-

5. Discussion and summary
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geneous systems of identical particiggoy/ tayn ~ 1+ kD, brightness enhancement is expected to be connected with a
with k ~ 1-1.5, consistent with Esposito (1979) and Pel- sharp peak in negative linear polarization. Observations by
toniemi and Lumme (1992). In the case of a vertical profile, Lyot (1929) and Johnson et al. (1980) indeed indicate such a
a fairly similar result forzphoy/tayn iS Obtained when the  narrow polarization peak for Saturn’s rings, with half-width
central plane volume filling factob(z = 0) is used forD. of about 0.3, which made Mishchenko (1993) conclude that
Somewhat weaker increase is obtained also in the case of exthe observed brightness peak is completely due to the co-
tended size distributiork(~ 0.7-1, forsmax/smin = 50). For herent backscatter effect. However, this evidence given by
dynamical models of identical particles where the vertical the polarization peak is weakened by the study of Dollfus
thickness often corresponds to only a few particle diameters, (1996), who did not find such a peak but only a much more
Tphot May exceedqgyn even by 50%, as reported already by shallow increase in negative polarization, typical for many
Wisdom and Tremaine (1988). In the case of a strict mono- Solar System surfaces. Nevertheless, recent analysis of HST
layer, the derivedrphot increases strongly with decreased multi-color observations (Poulet et al., 2002) imply that the
path elevation, but this effect seems to be small if even a coherent backscatter in terms of the Shkuratov et al. (1999)
modest amount of vertical thickness is allowed for. model can successfully account for the opposition brighten-
In the case of particle fields taken from dynamical sim- ing.
ulations, many important differences are seen. In this case One of our main results is that mutual shadowing can
the vertical profile is not uniform, but is determined by the hardly be excluded as an at least partial explanation for the
balance between collisional dissipation, viscous heating, andopposition peak. This holds true even in the case of dy-
the vertical energy flux (see, e.g., Schmidt et al., 1999). Es- namically dense systems, provided that the ring possesses
pecially, when the particle size distribution is included, the an extended distribution of sizes. In fact, mutual shadow-
overall enhancement of reflected single scattering is reducedjng is likely to be important for all extended size distrib-
even by about 50% fafax/smin = 50 and power-law index  ution models presented in the literature. The examples of
q = 3. For very oblique paths this reduction is even stronger, Section 3 indicated that for the Bridges et al.’s (1984) elas-
resulting from the elevation angle dependent photometric ticity law, a minimum particle sizémin = 0.05 m was able
properties of the layer. Namely, for slanted paths the sys-to approximate quite well both the low and large tilt angle
tem becomes optically thick on the layers which correspond phase curves. This estimated size rasigg/smin is roughly
to a much smaller effectivéd than the central plane den- consistent with that derived from Voyager radio occultation
sity. On the other hand, when the layer is viewed more and measurements (Marouf et al., 1983), as well as that recently
more perpendicularly, the better the dense central parts areestimated by French and Nicholson (2000), who obtained
visible. Inclusion of a size distribution enhances dependences = 30 cm to 20 m based on the amount of forward diffracted
effect significantly, as the vertical energy balance typically light estimated from comparison of Voyager and ground-
implies larger velocity dispersion and consequently larger based occultation experiments. The widths of the opposition
layer thickness for the small particles in comparison to the peak we calculate are in fairly good agreement with Hapke
largest ones (see Tables 1 and 2), leading to a strong gradient1986) theoretical formula.
in the vertical volume density profile. However, the opposition brightening due to mutual shad-
Our experiments of opposition brightening for homoge- owing is likely to depend on all the dynamical factors af-
neous systems of identical particles confirm the theoretical fecting the vertical volume density profile, including besides
calculations of mutual shadowing by Lumme and Bowell the size distribution also the dynamical optical depth and the
(1981), which seem to describe very accurately the enhance-elasticity of particle impacts. In Fig. 22 some additional ex-
ment of single scattering in all our simulations Witk = amples are provided fafnin = 0.1 m, illustrating the role
1— 20, D < 0.1. Also, our experiments indicate that the of particle elasticity in dynamical simulations. Besides the
observed steepness bfF vs. « for the B-ring corresponds  Bridges et al.’s formula used in Section 3, also more elastic
closely to that for a homogeneous system witte: 0.02, particles withv, /vg = 4 in Eq. (30) are studied, as well as
in agreement with Lumme et al. (1983). However, this esti- more inelastic particles with a constant coefficient of resti-
mate forD is much smaller than those based on dynamical tution ¢, = 0.1. In comparison to the casg/vg = 1, the
considerations, including the dynamical models studied in more elastic case leads to a larger vertical thickness of the
the present work. This discrepancy has previously led to the system, and similarly the, = 0.1 case leads to a signifi-
suggestion that the opposition brightening (or at least a ma-cantly more flattened ring. As a consequence, the less elastic
jor part of it) is produced intrinsically on particle surfaces case with a larger volume density leads to a clearly wider
and is not due to mutual interparticle shadowing (Cook et al., opposition peak, whereas fof/vp = 4 the peak gets more
1973; Hameen-Anttila and Vaaraniemi, 1975; Hapke, 1986). narrow, and in fact approximates the observations at least as
Mishchenko and Dlugach (1992) suggested that the narrowwell as the more extended size distribution withvg = 1.
brightness peak is produced by coherent backscattering, i.e.Clearly, detailed comparisons between various models and
due to constructive interference of light from small regolith observations, combined with the allowance for the intrinsic
grains on the ring particles’ surfaces. Further support for this opposition peak, would provide efficient constraints for the
was presented in Mishchenko (1993), pointing out that the local properties of rings.
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Fig. 22. Opposition effect due to mutual shadowing, calculated for dynamical simulations with different particle elasticities. Solid cutedsurafae et al.
(1983) observations in red and the phase function and albedo are the same as in Fig. 14. In comparison to Fig. 14, whiak Assuaiesmin = 0.05 m,
the more elastic model with. /vg = 4 yields an opposition phase curve close to the observed ongfpe= 0.1 m instead ofmj, = 0.05 m.

The tilt effect for the B-ring seems to follow very natu- cept for not taking into account the particle size distribution,
rally from the inclusion of a vertical profile and size distrib- her models are very similar to ours.
ution. The basic mechanism for the tilt effect in our models  On the other hand, our model for the tilt effect differs
is the increase of the backscattering brightness for a layerfrom that by Lumme and Irvine (1976) and Lumme et al.
with a nonzeroD. With increased elevation angle deeper (1983), who attribute the brightening to an increased amount
and thus denser regions contribute to the scattering, mak-of multiple scattering in optically thick rings. In principle,
ing the total brightness increase. It is important to note that this would work provided that the single scattering albedo
this brightness increase is not limited to the regime of the is very close to unity, and phase functions like those in Es-
opposition peak: also size-distribution systems with a rather posito and Lumme (1977) are assumed. However, the recent
narrow opposition peak exhibit an increase in the general analysis of HST observations (Cuzzi et al., 2002) suggests
brightness level. In Section 3 the best fit for brightening that multiple scattering is insignificant for Earth-based ob-
with elevation angle was obtained for a distribution with serving geometries, as they found very little difference in the
smin = 0.1 m; however, models witkm;, in the range of M5 elevation angle behavior between observations at different
to 0.5 m would also fall within the uncertainty of the used wavelengths. A similar conclusion about multiple scattering
ground-based data (and the uncertainty of particles elasticwas obtained by Dones et al. (1993) from analysis of Voy-
properties). For smaller optical depths, corresponding to the ager observations. Our mechanism for the tilt effect in terms
A-ring, the overall effect is small, in accordance with obser- of a vertically thin ring model is consistent with these obser-
vations, and is not very sensitive to minimum size. As for vations, as no multiple scattering is involved.
the opposition effect, better observational data of the eleva- The allowance of nonzero volume density in Saturn’s
tion angle behavior would help to constrain the particle size rings helps to account for many previously problematic
distribution. Voyager observations, like the difficulties in matching si-

It is interesting to note that the nonhomogeneous vertical multaneously the low and high brightnesses for the in-
structure as an explanation for the B-ring tilt-effect was theo- ner A-ring, as well as for the B-ring (Dones et al., 1993;
retically considered already by Hameen-Anttila and Pyykko Doyle et al., 1989) with classicdd = 0 models, the rings
(1972), in terms of a two-component model with bright par- having only about one half of the modeled brightness in
ticles near the central plane being surrounded by an envelopdarge«. If we accept that these ring regions are likely to be
of small particles with a lower albedo. Possible physical ex- strongly flattened, the implied brightening for lawobser-
planations for the albedo difference were also given, in terms vations will reduce the fittedi P («) value, leading to a de-
of large particles being coated by smaller ones. Altogether creased brightness for largedue to less multiple scattering.
this model for the tilt effect resembles the present expla- The largex brightness is further reduced by the nonzéro
nation, except that we attribute the brightness of the cen-itself. Reasonable fits to observations are also obtained in the
tral layer to the high volume-density induced brightening. case of size distribution withnin > 0.1-1.0 m (lower limit
Models even more similar to ours were studied in Jantunen increasing with increasing elasticity). On the other hand, the
(1982), who proposed that in the case of a vertical profile the outermost A-ring fits well with classical models (Dones et
broad opposition peak of the dense central parts of the ringsal., 1993), consistent with a large local ring thickness. This
will become visible in the case of increased tilt angle. Ex- implied distance dependence of ring thickness offers also a
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possible qualitative explanation for the contrast reversal be- Table 4
tween the inner and outer A-ring, as seen in low and khigh  Success of Monte Carlo models in explaining various observations, and
images. Contrast reversals are also seen in strong resonancBeir implications for the particle size distributfon

zones, taking place far ~ 20°: a simple model for thiswas  Observation Fitted Minimum particle size Comment
also presented, in terms of an enhanced amount of small pars-ring:

ticles in the resonance site, accompanied by an increase ire Opposition effect yes  0.05-0.10m Fig. 14
the local optical depth. The A-ring also exhibits an overall _ depends on elasticfty  Fig. 22
correlation between optical depth and intensity which signif- ;T:I; e'ﬁem yes . ~0lm Flg. 17
icantly exceeds that expected for a optically thick multilayer  Tit effect yes  notvery sensitive Fig. 17
ring. According to our models based on dynamical simula- e Low vs. higha brightness yes > 0.1-1.0m Fig. 21
tions for identical particles, such an effect might be expected depends on elasticfly ~Table 3

to take place via the optical depth dependent volume density.® Contrast reversal _
However, this seems to be not possible for any extended size ""e"°uter ring yes? >1m Fig. 21a
e Resonance zones yes? .50n/0.15 m ok® Fig. 21b

distribution. e [/ vs. 7 correlation no too weak even for Fig. 20

All the models addressed in this study have assumed pla- identical particles
nar homogeneity. Dynamical studies indicate that particle ~a Note that inclusion of self-gravity is likely to be important, at least for
mutual self-gravity will inevitably lead to local particle inho-  A-ring.
mogeneities, gravity wakes (Salo, 1992a), provided that the ° For a power law withsmax =5 m andg = 3.
local velocity dispersion is small. For example, thiswould be ¢ Implied minimum size decreases with elasticisyin ~ 0.05 m for
the case when the Bridges et al. (1984) elasticity law is as- Bridges etal. elasticity law.
sumed. Due to the preferential orientation of wakes, trailing _ . Mplied minimum size increases with elasticitymin ~ 1 m for

. . . . Bridges et al. elasticity law,

by about 20 with respect to the local tangential direction, € 0.15-0.5 m particles released at the resonance.
the appearance of the system becomes dependent on the ring
longitude. Indeed, strong observational evidence for wakes
is provided by the azimuthal brightness asymmetry, at least density of rings. A longitude and elevation angle dependence
for their presence in the mid A-ring (Dones et al., 1993; Mmay also be expected, most likely different from that due to
Franklin et al., 1987). Wakes may well be present also in honaxisymmetric wakes.
the dense parts of the B-ring, where the larger surface mass We have explored the effect of nonzefbfor Saturn’s
density can be expected to compensate the stronger disruptting’s photometry, and shown that using the particle dis-
ing effect of the differential rotation in comparison to the tribution data obtained from dynamical simulation models
A-ring. However, for the B-ring the larger optical depth may helps in many instances to account for the observed photo
reduce the contrast related to such formations. Such gravita-metric properties. For example, the B-ring tilt effect follows
tional wakes, if present, will modify the local volume density in @ very robust way from the dynamical models. Several
and optical depth: in wake® will be enhanced, whereas the ~qualitative ways to account for the Voyager observations
regions between wakes may appear as partially transparentwere also sketched. Interestingly, some of the implications
This is likely to lead to differences in the ring opening angle of these simple models are not well in accordance with the
dependence of the ring brightness, as the relative fraction ofcurrently preferred view of Saturn’s rings possessing a wide
visible wake/inter-wake regions will depend on the observ- power-law distribution of particle sizes extending down to
ing elevation. Also, since the strength of wakes is dependentcm-range. A summary of various results is provided in Ta-
on surface mass density, this might introduce an additional ble 4. For example, the overall contrast reversal of the A-
mechanism causing dependence between local optical thick+ing, and especially the correlation betweeand’, would
ness and local brightness. The photometric effects of the be easiest to explain with a model with a very narrow size
wake structure will be studied in detail in paper II. range. Somewhat to the same direction, the predicted oppo-

In addition to wakes, there are also other possible dy- sition effect due to mutual shadowing for an extended size
namical phenomena which might be reflected in the pho- distribution (min = 0.05-0.10 m) is even too efficient in ac-
tometric properties of rings. For example, dense rings may counting for observations, leaving perhaps too little room for
be susceptible to viscous overstability, manifesting as coher-an intrinsic opposition effect. One possibility which might
ent axisymmetric velocity, density and local thickness os- help to fit together these implications is that the local prop-
cillations (Borderies et al., 1985; Mosqueira, 1996; Schmit erties of rings, especially the size distribution, show even
and Tscharnuter, 1995). Our recent studies, including di- a larger variation with distance than usually thought, A-ring
rect N-body simulations with plausible parameter values for possessing a clearly narrower size range than the B-ring (say
the densest parts of the B-ring, have confirmed the viability ~ 0.5 m in comparison te- 0.05 m). The role of self-gravity
of this mechanism (Salo et al., 2001; Schmidt et al., 2001; might be important in this respect, as it may lead to effi-
Schmidt and Salo, 2003). Like gravity wakes (which may cient sticking of particles in the A-ring (Salo, 1992a, 1995;
co-exist with overstability (Salo et al., 2001)), coherent ax- Ohtsuki, 1993). Clearly, improved datasets with good phase
isymmetric oscillations, if present, will modify the volume angle, elevation angle and spatial coverage, as provided by
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