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Abstract

We examine the statistical properties of extreme solar activity levels through the application
of the extreme value theory to the annual sunspot number series reconstructed from '*C
data spanning the last millennium. We have used the extreme value theory to study long-
term solar variability by applying the peaks-over-threshold technique to an annual sunspot
number series reconstructed from 'C data for the last millennium. We have obtained a
negative value of the shape parameter of the generalized Pareto distribution implying that
an upper bound has been reached by the extreme sunspot number value distribution during
the past millennium. The results obtained from the same analysis applied to two subperiods
of the series, are consistent with that considering the whole series. We have also estimated
return levels and periods for the extreme sunspot numbers. The maximum annual sunspot
number (273.6) observed during the past millennium is slightly higher (lower) than that
considering a 1000-year (10,000-year) return level, but they are within the 95% confidence
interval in both cases. It approximately corresponds to a 3500-year return period. Our result
implies that solar activity has reached its upper limit, and it would be unlikely to observe,
in the near future, sunspot numbers significantly higher than those already observed during
the past millennium.
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1. Introduction

Sunspots have been observed with the aid of a telescope by hundreds of astronomers since
the beginning of the 17th century (Mufioz-Jaramillo and Vaquero 2019; Arlt and Vaquero
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2020). The databases that include these records, available since 1610, represent the longest
datasets using direct solar observations (Wolf 1860; Hoyt and Schatten 1998; Vaquero et al.
2016). The sunspot number series based on these databases are the most used indices to
characterize long-term solar activity (Clette and Lefevre 2016; Svalgaard and Schatten 2016;
Usoskin et al. 2016; Clette et al. 2023). As an example, the sunspot number series is involved
in the planning of future space missions (Khazanov 2016). Therefore, the understanding and
prediction of solar activity in general, and of its extreme events in particular, are fundamen-
tal to avoid or at least mitigate the problems that solar activity can cause to our society
(Pulkkinen 2007; Usoskin et al. 2023).

There are different types of prediction methods that make long-term forecasts of solar ac-
tivity for recent solar cycles (Pesnell 2012; Petrovay 2020; Nandy 2021). For instance, when
considering diverse predictions for the maximum amplitude of Solar Cycle 25, various ap-
proaches are evident. These include physics-based models as, e.g., that those proposed by
Bhowmik and Nandy (2018), precursor-based predictions as seen in Mclntosh et al. (2020),
statistical forecasts such as Aparicio, Carrasco, and Vaquero (2023), and predictions utiliz-
ing Machine Learning techniques, as proposed by Rodriguez and Rodriguez (2020).

There is another branch to study (not to predict) longer-term solar variability. This is the
extreme value theory (EVT), which is widely used in other scientific fields such as climatol-
ogy (Begueria and Vicente-Serrano 2006; Acero, Garcia, and Gallego 2011; Acero, Gallego,
and Garcia 2012; Acero et al. 2014) and engineering (Castillo et al. 2004). In the case of
the space climate, the EVT has been applied by Siscoe (1976) to the aa index measured dur-
ing large geomagnetic storms. Asensio (2007) used the EVT and the international sunspot
number (version 1 of SILSO) to investigate the statistical properties of the extreme events of
solar activity. Furthermore, we have previously applied the EVT to the international sunspot
number (version 2) at different temporal scales (Acero et al. 2017), the hourly values of the
Dst geomagnetic index for the period 1957 -2014 (Acero et al. 2018a), and two decadal
sunspot number series reconstructed from '“C measured in tree trunks and '°Be in polar ice
(Acero et al. 2018b). Also, Zhang et al. (2023) used the extreme value theory applied to
long-term sunspot areas to predict the trend of the 25th and 26th solar cycles.

Miyake et al. (2012) identified a significant increase in the *C levels measured in tree
rings of two Japanese cedar trees between 774 and 775 AD. While various explanations were
proposed to determine the origin of this event, subsequent research confirmed that the Sun
was responsible for this increase (Usoskin et al. 2013). Following the groundbreaking work
by Miyake et al. (2012), similar events were discovered (see, e.g., reviews by Cliver et al.
2022; Usoskin et al. 2023), such as the one between 993 and 994 AD (Miyake, Masuda,
and Nakamura 2013), and others are yet to be confirmed, including those in 1052 AD and
1279 AD (Brehm et al. 2021). Such events indicate extremely strong bursts of solar activity,
which might also be reflected in extreme sunspot numbers during those periods.

The objective of this work is to analyze the statistical properties of the extreme values
of solar activity by applying the EVT to the annual sunspot number series (Usoskin et al.
2021) reconstructed from '*C data for the last millennium (Brehm et al. 2021). We also ex-
amine whether the levels of solar activity in the year 994 AD, during a Miyake-type event
documented and in 1052 AD and 1279 AD, two cases considered as potential Miyake-type
events, meet the criteria for extreme events through the application of EVT. The outline of
this work is as follows. The data used in this work and an explanation of the methodol-
ogy followed is shown in Section 2. The results obtained together with its discussion are
presented in Section 3. Section 4 includes the main conclusions of this work.
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Figure 1 Sunspot number series by Usoskin et al. (2021) reconstructed from 4C data. The black line rep-
resents the annual data, and the red line depicts the smoothed (22-year singular spectral analysis) sunspot
number. The horizontal green and blue dashed lines show the threshold for the whole period and for the
two subperiods chosen in this work, respectively. The solar activity level when a ‘Miyake’ event occurred in
993 -994 AD is indicated in orange. Triangles on the top indicate independent clusters of activity defined in
this work (see subsequent sections for more details).

2. Data and Methods
2.1. Data

Sunspot numbers reconstructed by Usoskin et al. (2021) from annual '*C data are considered
in this work. This series spans from 971 to 1899 AD. We note that this series includes various
uncertainties associated to both the 'C measurement errors and the reconstruction of the
sunspot numbers from '#C data (for more details, see Usoskin et al. 2021). The reconstructed
sunspot numbers are available at the website: http://cdsarc.u-strasbg.fr/viz-bin/cat/J/A+A/
649/A141. Figure 1 represents this as the black line along with a smoothed (22-year singular
spectral analysis) sunspot number (red line). Furthermore, we have also taken into account
the upper limit of this series. This upper limit was obtained by summing the annual sunspot
numbers depicted in Figure 1 plus their corresponding 1-sigma uncertainties provided by
Usoskin et al. (2021).

2.2. Methodology

The EVT can be applied using different approaches (Coles 2001). One of them is known
as peaks-over-threshold (POT), which is chosen to be applied in this work. This technique
considers values higher than a pre-selected threshold (u) that are called exceedances. The
generalized Pareto distribution (GPD — see Equation 1) is used to model the probability dis-
tribution of the exceedances above the threshold. Thus, first, it is necessary to set a threshold.

We have employed two ways to find the best threshold. One is based on the mean residual
life plot (Coles 2001), which is a technique that consists in plotting the sample mean of
the exceedances against the value of u, searching for the value from which the graph is
approximately linear (Figure 2). For sunspot number values slightly lower than 100, one
can see flatness (where the GPD model becomes valid) in Figure 2. The second way is the
assessment of the stability of the parameters’ estimates (Figure 3). These are the scale and
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Figure 2 Mean residual life plot used in this work to choose the threshold of the studied sunspot number
series. A 95 % confidence interval is represented by dashed lines.
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shape parameters (see Coles 2001, for more details). The parameter estimates should be
stable, i.e., approximately constant. Thus, the stability of these parameter estimates, fitting
the GPD over a range of thresholds, can be seen roughly for the same sunspot number values
as in the first case. Delimiting the threshold below 100 in Figure 2, the parameter estimates
for thresholds between 85 and 100 are shown in Figure 3 in order to select an appropriate
threshold. Both parameters (shape and scale) are nearly constant till ¥ = 93, confirming this
value as the best threshold. We note that the use of a threshold value between 90 and 95 does
not alter our results.

Two subperiods halving the entire study period (971 to 1899 AD) are also considered to
check the consistency of the result using the entire study period: 1) from 971 to 1435 AD
and 2) from 1436 to 1899 AD. Applying the same methodology to get the best threshold in
each subperiod, we obtained that the best thresholds are 85 for the first subperiod and 75 for
the second one. Note that for a shorter period, the threshold is lower than that for the entire
period. This ensures a sufficient number of exceedances in each subperiod to apply the EVT.

The POT approach requires the exceedances to be mutually independent to avoid short-
range dependencies in the series. However, the sunspot number values studied in this work
are grouped into clusters, since one can see that some consecutive years exceed the thresh-
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old. Therefore, this requires a declustering procedure to identify independent exceedances
of the threshold. For this purpose, we used the “runs declustering” (Leadbetter et al. 1989).
This method assumes that exceedances belong to different clusters when they are separated
by a certain number of data, called the run length (r), below u. In our case, we consider a run
length r = 1 obtaining one data for each cluster exceeding the threshold. Then, we selected
the year with the maximum sunspot number within each cluster, and a new time series with
the date and the intensity was calculated.

This new time series was subjected to a GPD analysis. In the asymptotic limit for suf-
ficiently large thresholds, the distribution of independent overruns X = SN (¢) — u with
SN (t) > u, being SN the sunspot number, follows a GPD such as:

Ex =1

P(X<x):1—(1+;)5, (1)
with x >0 and 1 + i—" > 0, where o is the scale parameter, and £ the shape parameter
(€ #0). Shape parameter values equal to or above zero mean that there is no upper limit in
the distribution, whereas values below zero indicate that the distribution has an upper limit
(Coles 2001). The scale and the shape parameters were estimated by maximum likelihood,
which is a standard general-purpose statistical technique for fitting a given parametric dis-
tribution to a set of data. Generally, this technique is commonly used for the estimation of
the parameters of the extreme value distribution in the extreme value theory (Coles 2001)
due to its robustness. For this purpose, the in2extRemes statistical R software package for
extreme values (Gilleland and Katz 2016) has been used. Once both parameters were esti-
mated, their confidence interval were evaluated by a bootstrap procedure which is a statis-
tical method that resamples a single data set to create many simulated subsamples widely
used to estimate confidence intervals (see more details in Gilleland and Katz 2016).

The concept of the return level is used to evaluate the occurrence probability of future
extreme events. It means the expected level to be exceeded once every certain number of
years on average. We have estimated the return level for 1000 and 10,000 years. The same
procedure as in the estimation of the parameters of the GPD was used to estimate the return
levels and their confidence intervals with the bootstrap procedure. Here we assume that the
sunspot number series is statistically uniform over the multi-millennial time scale, although
it may exhibit longer-term trends, such as the about 2400-year Hallstatt cycle (e.g., Usoskin
et al. 2016). However, this trend is small, within +5 in sunspot number (see Figure 3c in
Usoskin et al. 2016) and does not affect our main conclusions.

3. Results and Discussion

We have used the POT approach with a threshold of u = 93 to analyze the millennium-
long sunspot number reconstructed from '“C data. Thus, the number of overruns obtained
considering the whole series was 127 with the highest sunspot number value of 273.6 in
981 AD. After applying the declustering process, we find 30 independent clusters (see down
triangles in Figure 1). We note that some solar cycles may include several extreme sunspot
numbers and other cycles do not have extreme values. The time series including those 30
clusters was fitted to a GPD (Equation 1). Table 1 shows the estimates for the scale and
shape parameters (95% confidence intervals) obtained by bootstrapping. We obtained that
the shape parameter is negative, which means that there is an upper bound of the extreme
sunspot number distribution. This result is highly statistically significant, indicating that a
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Table 1 Estimates of the GPD parameters and their 95 % confidence intervals (CI) obtained by bootstrapping.

Threshold u (Period) Scale (o) [95% CI] Shape () [95% CI]

93 (971-1899 AD) 71.1[57.4,90.5] —0.33[-0.52, —0.20]
93 (971-2023 AD) 75.9 [64.4,91.5] —0.36 [-0.50, —0.27]
85 (9711435 AD) 74.2 [56.7, 101.6] —0.28 [-0.56, —0.13]
75 (1436-1899 AD) 77.0 [58.2, 110.7] —0.43 [-0.75, —0.25]

positive value of the shape parameter is highly unlikely. We note that, for negative values of
the shape parameter, the EVT establishes that the upper bound can be estimated as u — o /&
(Coles 2001). In this case, the upper bound obtained for the sunspot number by Usoskin et al.
(2021) is 311.51 (with values between 131.21 and 449.54 considering a 95% confidence
interval)

A similar analysis was also made by appending the sunspot number values (version 2)
to the '“C-based sunspot numbers after 1900. For the best threshold found (u = 93), we
obtained similar results as previously: i) shape parameter = —0.36 with a 95% confidence
interval of —0.50——0.27; ii) scale parameter = 75.9 with a 95% confidence interval of
64.4-91.5. In addition, we have applied the same methodology to the upper limit of the
14C-based sunspot numbers obtaining similar results, that is, a negative value of the shape
parameter: 1) shape parameter = —0.15 with a 95% confidence interval of —0.30——0.05;
ii) scale parameter = 75.1 with a 95% confidence interval of 63.8—90.7. Note that in this
last case, the best threshold corresponds to a sunspot number value of 115.

It is necessary to check the accuracy of the GPD fit to the threshold exceedances for the
studied sunspot number series. For this purpose, different diagnostic plots were used. The
diagnostic plots for the GPD fit the maximum sunspot number values are shown in Fig-
ure 4. In the top panel of Figure 4, a quantile—quantile (QQ) plot compares empirical data
quantiles with GPD fit quantiles, showing similar distributions with points aligning along
the line y = x (solid line). The middle panel of Figure 4 displays a QQ-plot contrasting
randomly generated data from the fitted GPD, using the in2extRemes statistical R software
package for extreme values (Gilleland and Katz 2016), with empirical data quantiles, ex-
hibiting also nearly linear trends along with a 95% confidence interval. In addition, Figure 4
(bottom panel) demonstrates the consistency between the empirical density of observed
sunspot number maxima and the modeled GPD fit density through corresponding density
estimates. It is worth mentioning that the sunspot number values provided by Usoskin et al.
(2021) can be formally negative, but are consistent with zero within the uncertainties. Thus,
the distribution in Figure 4 (bottom panel) is generally consistent with the theoretical one.
For all these reasons, the results shown in Figure 4 confirm the validity of the fitted model.

In the case of the analysis for the two subperiods, the maximum sunspot number is 273.6
in the first subperiod and 237.6 in the second one. We find 22 and 15 clusters after the
declustering process for the first and second subperiods, respectively. Note that these values
are lower than the number of independent clusters found for the whole period, but sufficient
to apply the EVT as the length of both subperiods is lower. Table 1 also includes the values
of the scale and shape parameters (95% confidence intervals) applied to these subperiods.
As in the case of the analysis in the entire period, we obtained a negative value for the shape
parameter. Therefore, this second analysis for the two subperiods also confirms that there is
an upper bound of the extreme sunspot number distribution.

Acero et al. (2017) used the block maxima approach with annual data of the sunspot
number (version 2) and obtained a scale parameter of 53.48 with a 95% confidence interval
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Figure 4 Diagnostic plots from fitting a GPD to the maximum sunspot number values analyzed here. (Top
panel) QQ-plot of empirical data quantiles against GPD fit quantiles, (middle panel) QQ-plot of randomly
generated data from the fitted GPD against the empirical data quantiles with 95 % confidence bands, and
(bottom panel) empirical density of the observed maxima of sunspot number (solid black line) with GPD fit
density (dark blue dashed line).

of 37.49—-69.77. For the shape parameter, they also found a negative value equal to —0.34
and a confidence interval of —0.78 — —0.08. Thus, we have obtained a scale parameter value
slightly larger than that by Acero et al. (2017) founding an upper bound in both studies.

We obtained that the solar activity level for the period 991 —994 AD, when a “Miyake”
event occurred in 993 -994 AD, is one of the clusters identified in this work with extreme
values since the solar activity level in those years exceed the defined threshold (Figure 1).
This is found both in the analyses for the whole period and for the subperiods. Regarding the
candidates for the “Miyake” event, we found that 1052 and 1053 AD are considered extreme
events, but the sunspot number in 1279 AD (and any year around it) does not exceed the
threshold to be considered an extreme event. This same result is found by the analysis of the
subperiods defined above.

We have also estimated the return levels using the overruns of the 30 independent extreme
value clusters previously defined for the entire period (Table 2). The maximum sunspot num-
ber observed (273.6) is higher than the value obtained for the 1000-year return level (263.5),
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Table 2 Estimates of the GPD
parameters and their 95 %

confidence intervals (CI)
obtained by bootstrapping. 971-1899 AD 263.5 [240.7, 284 .4] 285.2 [253.2, 318.5]

971-1435 AD 277.2[237.1, 317.0] -
1436-1899 AD  226.7 [204.8, 245.4] -

Period 1000-year return level 10,000-year return level

Return Level
100
|

T T T T T T T T
2 5 10 20 50 100 200 500 1000

Return Period (years)

Figure 5 Return level plot for the maximum sunspot number values with 95 % confidence intervals (dashed
lines).

although it is within the 95% confidence interval defined for that return level (240.7 —284.4).
Instead, the maximum sunspot number observed is lower than the estimation considering
a 10,000-year return level (285.2), but it is also within the 95% confidence interval for
that return level (253.2—-318.5). This estimation is based on a long extrapolation of the
low-statistic tail of the distribution. Thus, this result must be taken with caution, since the
10,000-year return level is estimated from a 1000-year-long dataset and it might not capture
the full range of variability and extreme events that could occur over a 10,000-year period.
We also note that our conclusions are similar to those reached by Acero et al. (2018b), who
applied the extreme value theory to decadal sunspot numbers estimated from cosmogenic
radioisotopes using a & 10,000 year dataset.

In addition, we have estimated the 1000-year return level considering the uncertainties
in the sunspot number provided by Usoskin et al. (2021). Including the upper limits of the
sunspot numbers in the analysis, we obtain that the 1000-year return level is 383.8 with a
95% confidence interval of 338.7 —428.8. The maximum sunspot number value considering
the upper limit (373.6) is lower than that value, but it is within the interval defined by the
95% confidence interval, such as it occurred in the previous analysis.

The maximum sunspot number observed corresponds to a return period of 3500 years,
approximately, which is longer than the study period. These results can be seen in Figure 5,
where the return level is shown for each return period with a 95% confidence interval. The
return level increases with greater return periods, but leads to a plateau for high return peri-
ods. Therefore, values of the sunspot number higher than the observed ones are not expected.

Considering the analysis for the two subperiods, the maximum sunspot number values
observed in each subperiod are similar to the estimates found for the 1000-year return level.
Moreover, the maximum sunspot number in the first subperiod (273.6) is not within the 95%
confidence interval of the 1000-year return level obtained using only data from the second
subperiod (204.8 —245.4), but the maximum in the second subperiod (237.6) is within the
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95% confidence interval of the fist subperiod (237.1-317.0). We also note that the 1000-
year return level found in each subperiod is not within the 95% confidence interval obtained
in the other subperiod. That is, 277.2 and 226.7, which are 1000-year return levels for the
first and second subperiods, are outside the 95% confidence interval estimated in the second
(204.8—245.4) and first (237.1 —317.0) subperiods, respectively.

4. Conclusions

The extreme value theory has been applied to the annual sunspot number series recon-
structed from !C data for the last millennium (Usoskin et al. 2021) to study long-term solar
variability. We have used the peaks-over-threshold technique to identify the sunspot number
values that exceed a threshold of 93, which is identified as an optimum value. We have also
studied solar activity by dividing the entire period into two subperiods with thresholds of
85 and 75 for the periods of 971 —1435 AD and 14361899 AD, respectively. The thresh-
olds were selected considering both the mean residual life plot and the parameter estimates
for different thresholds. We have made a declustering of these overruns to get independent
extreme values, which were modeled using the generalized Pareto distribution.

The shape parameter obtained in this work is significantly negative, both in the analysis
of the whole period and by subperiods, in agreement with the result by Acero et al. (2017)
for the direct sunspot numbers. This means that there is an upper bound in the extreme val-
ues of this series. Furthermore, we have estimated the return levels for 1000 and 10,000
years. Regarding the entire study period, we found that the maximum sunspot number ob-
served in this dataset (273.6 in 981 AD) is within the range considering 95% confidence
intervals: 240.7 —284.4 in the case of 1000-year return level and 253.2-318.5 in the case
of 10,000-year return level. This implies that the analyzed 1000-year-long sunspot series is
representative of the long-term solar variability and covers the full range of the values over
at least ten millennia. We must be cautious with this result, because the 10,000-year return
level is derived from an extrapolation of the significantly low-statistic tail of the distribution,
which is defined using a dataset spanning 1000 years.

The return period for the highest sunspot number observed corresponds to approximately
3500 years. In the case of the analysis considering the two subperiods, we found that the
1000-year return level obtained for each subperiod is not within the range defined by the
return level obtained in the other subperiod considering a 95% confidence interval. This
result highlights the importance of the long-term series analysis on centennial and millennial
scales to better understand the solar activity of the present and future.

We have identified that the Miyake event (extreme solar particle event, ESPE) of
993-994 AD corresponds to an extreme solar activity episode defined in this work. Re-
garding the two other Miyake event candidates in the study period, the one in 10521053
AD also corresponds to a sunspot number extreme, while that was not the case for the
event of 1279 AD. We also note that the solar activity level in sunspot number terms esti-
mated from '*C measurements for years when Miyake events occurred should be taken with
caution, since Miyake events are caused by extreme flares, which do not necessarily mean
extreme values of sunspot number. This is similar to strong geomagnetic storms, which do
not necessarily occur at the solar cycle maximum, as illustrated by the curious geomag-
netic storm of 1903, very close to the solar cycle minimum, studied by Ribeiro et al. (2016)
and Hayakawa et al. (2020). Moreover, the sunspot numbers around the Miyake events are
less accurate since the events can distort the '“C signal and consequently the reconstructed
sunspot number.
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It is unlikely that the maximum sunspot number values in the near future exceed (at least
significantly) the sunspot number observed. This result agrees with the conclusions drawn
in similar works such as Acero et al. (2017, 2018b). The methodology and results of this
work are limited by the sunspot number values for the last millennium, including four grand
minimum periods: Oort, Wolf, Sporer, and Maunder (Usoskin 2023).
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