ONE-SIDED DENSITY THEOREMS FOR MEASURES ON THE
REAL LINE

VILLE SUOMALA

1. INTRODUCTION

If 14 is a measure on R, A C R, and h is a positive function defined on some
interval |0, 79[, we define the following densities:

Dy(p, A, z) = liminf u (AN [z —r,z +1]) /h{r),

Dy(p, A, x) =limsup u (AN [x —r,x +7]) /h(r).
r|0
We also use the notations D, (11, 7) = D;, (i1, R, x) and Dy, (u, ) = Dy (u, R, 7).
In the following three cases it is more or less justifiable to say that the function
h carries information about the measure p:
(1) 0 < Dj,(p, ) < oo for p-almost all x € R.
(2) 0 < Dy(p,z) < oo for p-almost all z € R.
(3) D, (p,x) = 0 and Dy,(p, z) = oo for p-almost all x € R.
If one of these conditions holds only in a set of positive measure but not almost
everywhere, then we may consider a suitable restriction of i, see Lemma 1.2.
When h(r) = r* for some 0 < s < 1 and p is the restriction of the s-dimensional
Hausdorff measure, H?, to a set A with 0 < H*(A) < oo, then 1 < Dy, (p1, x) < 2°
for p-almost all x € R. It is well known that in this case one can deter-
mine the values of the one-sided densities D, (u, [z, 00, z), D, (u,] — o0, 2], z),
Dy (p, [x,00[, ), and Dy,(p,] — 00, x], z) almost everywhere. Below, the notation
pl A is used for the restriction measure given by ul A(B) = u(BNA) for B C R.

Theorem 1.1 (Besicovitch [1]). Let 0 < s < 1, h(r) = r°, A C R with 0 <
H*(A) < oo, and p="H L A. Then

Qh(:ua [JI,OO[,J}) :Qh(:uv] —OO,JI],CL’) =0 (11)

and

Di(p, [z, 00[, 2) = Di(p,] — 00, 2], 2) = 1 (1.2)
for p-almost all x € R.
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In higher dimensions there are no “right” and “left” but then one can study
the limits D,, (11, C, x) and Dy,(u, C, ) for different kind of cones C' = C,.. For the
Hausdorff measures these so called conical density properties have been studied
by various authors [2], [9], [13], and [11]. See also the monographs [5], [4], and
[12]. Most of the conical density results which can be found from the literature
deal with the Hausdorff measures H*. In [16] the author studied conical density
properties of more general measures on R" the main applications being the gen-
eralised Hausdorff and packing measures which are constructed using a suitable
gauge function, see [16]. The importance of the conical density theorems is based
on the fact that they may be used to derive geometric information of the given
measure from a given metric information. That is, the values of the measure on
small balls reflect the distribution of the measure.

In higher dimensions, the proofs become often quite technical and it is not
always easy to see the underlying ideas. Thus, it is sometimes useful to express
these ideas by giving the proofs on the real line only. In Theorem 2.1 we give
a one-dimensional proof for one of the main results of [16]. Our second result,
Theorem 3.1, is an upper density theorem for measures on the real-line which
was stated in [16] without a proof. Our results should also be considered as a
generalisations of Theorem 1.1.

For other recent results related to conical density properties of measures see
8], [14], [6], [7] and the thesis [15].

We are going to make use of the following lemma which is a simple consequence
of the basic differentiation properties of measures. See [16, Lemma 2.6].

Lemma 1.2. Suppose that p is a Borel measure on R so that p([x—r, z+7r]) < 00
for p-almost all x € R with some r = r(x) >0, A C R is a Borel set, and h is
a positive function defined on some interval |0,ro[. Then D, (u, A, x) = D), (1, x)
and Dy,(p, A, 1) = Dy,(p, z) for u-almost all x € A.

2. LOWER DENSITIES

In the following theorem we give a simple proof for Theorem 2.2 of [16] on
R. Although the proof is easier in the one-dimensional case, the key idea is the
same in all dimensions; Consider a suitable exceptional set F' and fill the space
outside F' effectively by cones that touch F' on their vertexes.

Theorem 2.1. Let h: ]0,ro[—]0,00[ be a function such that

lin h(r) = 0. (1)
hﬁ)l h(r)/r = o0, and (h2)
h(ry) + h(re) > h(ry + re) whenever ri 4+ ry < rq. (h3)

If 1 is a measure on R with D, (u,z) < oo for p-almost all x € R, then
Dy, (p, [z, 00, x) = Dy, (1, ] — 00,2, 2) = 0
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for p-almost all x € R.

Proof. Due to symmetry it suffices to prove that D, (u, [z, co[,z) = 0 for p-almost
all x € R. We may assume that p is Borel regular since there is a Borel regular
measure v which equals p for Borel sets. We may also assume that p is finite
since p-almost all of R is contained in a countable collection of open intervals,
each of finite y-measure. Let o, f > 0 and define

F={zeR: pu([r,z+r]) > ah(r) when 0 < r < 8}.

It is easy to see that F' is closed. It suffices to prove that u(F') = 0 since the set
where D, (u, [x,00[,2) > 0 may be written as a countable union of this kind of
sets. Assume contrary to the theorem that p(F) > 0. By Lemma 1.2, there is
x € F such that D, (u, F,z) = Dy (p,x) = ¢ < oo. If 0 < e < a/(2¢), we may
choose 0 < r < min{rg, 3} so that

(I —¢)ch(r) <p(FNz—rz+7]) <p(lr—r,x+r7r]) < (1+e)ch(r).
Then also
p(lx —ryx+7r]\ F) < 2ceh(r). (2.1)

We will next show that L(FN[z,z+7]) = 0. If v > 0, then by the assumption
(h2) thereis 0 < n < fsuch that r < v h(r) for all0 < r < n. Now we may choose
disjoint intervals {[x; —r;, x;+7;] }72, so that L(FN[z, z+r]\\J,[x;i—r:, zi+73]) = 0,
x; € FN[z,z+r] and r; < n for all i. Thus

L(FN[z,z+r] §2Zn§272hn <2ya” Zu [, 2 + 1))

=1 =1
§2w 'z —n,z+r+n) — 0,

as v — 0.
Write

i=1
where intervals |y;, y; + ;[ are disjoint, y; € F for all ¢, and > .-, §; = r. This
may be done since € F and L([z,z+7]NF) = 0. Usmg (h3), we obtain (Notice
that u({z}) =0 for all x € R by (hl))

p(lz —r,x+r]\ F) 2 p(lz,z + r[\F) = Zu Yir Yi + 0i[)

>aZh ) > ah(r) > 2ceh(r)

contrary to (2.1).
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Remarks 2.2. 1. The above theorem is meaningful in the case (1); if D, (u,z) =0
almost everywhere, then the assertion is trivial.
2. The main applications of Theorem 2.1 are the generalised Hausdorff and

packing measures, H; and P, which are constructed using a gauge function h
satisfying (h1)—(h3). If A, B C R, 0 < Hx(A) < 00, 0 < Pr(A) < 0o, p = HpL A,
and v = Py, L B, then (h3) implies that Dj(u,x) < oo for pu-almost all z € R
and D, (v, z) < oo for v-almost all = € R, see [16]. Among others, the functions
h(r) =7 (0 <s <1), h(r) =rlog(1/r), h(r) = rlog(log(1/r)) etc. satisty (h1)-
(h3). In general, (h2) and (h3) are true if & is differentiable, A’ is decreasing, and
lim, o A'(r) = oco. If h is concave, then (h3) is always true.

3. A method similar to that in [3] may be used to prove the statement of
Theorem 2.1 if for all @ > 0 corresponds € = e(a) > 0, 0 < r; = ri(a) < 7o, and
0 <t=t(a) < 1so that ah(tr) > h(r) — h(r —tr) + eh(r) whenever 0 < r < ry.
The idea is as follows: Suppose that h fulfils the above condition, and pu satisfies
D, (1, x) < oo almost everywhere. Assume contrary that D, (u, |z, c0[,x) > d >
0 in a set of positive y measure. Then, using Lemma 1.2, we may find arbitrarily
small intervals [z — r,x + r] C R and points y € [z, z + r] with |x +r — y| > tr
so that p(jx —r,y[) > (1 — &) Dy, (u, x)h(r — tr) and p([y,x + r]) > dh(tr). This
leads to u([z —r,x 4+ r]) > (1 —e) Dy, (u, x)h(r — tr) + d h(tr) which contradicts
our assumptions for a suitably chosen a and r small. However, many interesting
gauge functions such as h(r) = rlog(1/r) fail to satisfy the condition desired
above and for these functions this method is useless. The proof given in [1] for
(1.1) works under the assumptions (h1)—(h3) if u = HyL A and 0 < Hp(A) < 0.
4. Tt is shown in [16, Example 2.12] that there are functions satisfying conditions
(h1) and (h2) for which the claim of Theorem 2.1 fails. It is unknown if (h3)
could be replaced by a doubling condition.

3. UPPER DENSITIES

In this section we prove a very general one-sided upper density theorem for
measures on R. It shows that all measures on the real line are, in a sense,
symmetric. This result was mentioned in [16] but it’s proof has not appeared
anywhere. Our proof is straightforward and it shows that on the real line upper
densities are often easier to handle than lower densities; in the following theorem
we have no assumptions for the function h. However, we assume that our measure
is locally finite. If p is not locally finite we have to put additional assumptions
on h and p. For example, if p is non-atomic and satisfies D, (i, z) < oo for
p-almost all x € R, then the statement is still true. Our proof is influenced by
those in [10] where related questions have been studied.

Theorem 3.1. If u is a locally finite measure on R, then for any h: ]0,ro[—
0, o0l

Du(p, r, o0, 2) = Di(ys.] — 00, ], 7) > £ Dy ).
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Proof. As in the previous proof, we may assume that y is Borel regular. One
can use standard arguments to show that the functions = — Dy(p,x), © +—
Dy (u, [z, 00, ), and x +— Dy(u, ] — oo, z], ) are Borel functions. Let

A={z eR : Dy(u,z) < 00} (3.1)

We shall first show that Dy,(u, [z, 00[, 2) > Dy (u, z)/2 almost everywhere on the
set A. If this is not the case, then we can find 0 < ¢ < co and a Borel set B C A
with u(B) > 0 such that Dy (u, [z, 00[,2) < ¢ and Dy,(u,z) > 2c for all x € B.
Moreover, choosing 0 < r; < 1y small enough and using the Borel regularity of
w (see [12, Theorem 1.10]), we find a closed set C' C B with u(C') > 0 such that

pu([z,z + 7)) < ch(r) forall z € C' and 0 < r < 1. (3.2)

By Lemma 1.2 we may find 2 € C such that Dj,(u, C,z) > 2c. Take 0 <1 < 1y
so that u(C N[z — r,x +r]) > 2ch(r) and choose y € {z,z — r} for which
w(CNly,y+r]) > ch(r). If welet 2 =minC N [y,y + 7], then u([z,z +r]) >
w(C N y,y+7r]) > ch(r) contrary to (3.2). Thus Dy,(u, [x,00[,z) > Dy(u,x)/2
for p-almost every z € A.

Next we shall show that Dj,(u, [z, 0o[, ) = oo almost everywhere on the set

D=R\A={xeR : Dy(u,z) = oo} (3.3)

If this is not true, we may use a similar argument as above to find 0 < M < oo,
0 <71y <79, and a closed set E C D so that u([x,z +r]) < Mh(r) for all z € E
and 0 < r < 1. By Lemma 1.2, we find z € F and 0 < r < 79 so that u(E N
[z —r,x+71]) > 2Mh(r). Choosing y € {z,z —r} with u(EN[y,y+r]) > Mh(r)
and putting z = min EN [y, y + 7] gives u([z,z+7]) > w(EN[y,y+7r|) > Mh(r)
leading to a contradiction. Thus Dy, (u, [x, 0o, 2) = oo for p-almost every x € D
and consequently Dy,(u, [z, 00[, ) > Dy,(u1, ) /2 for p-almost all z € R = AU D.

It remains to prove that Dy (u, [z, 00[,2) = Dy(u,] — 00, 2], z) almost every-
where and by symmetry it suffices to show that

Dh(/% [x> OO[, IE) < Eh(ﬂa] - OO?'CE]?'CE) (3'4)

holds for y-almost every x € R. As it has already been proved that Dy, (u, [x, o[, z) =
o0, by symmetry it may be also shown that Dy,(u, ] — 00, ], ) = oo for pu-almost
every x € D and thus it is enough to prove that (3.4) holds for p-almost all

x € A. If this fails, arguing as before, we find 0 < r3 < rg, ¢ > 0, and a closed
set ' C A with u(F) > 0 so that Dy (u, [z, 00[,2) > ¢ for all z € F and

w([x —r,x]) < ch(r) forallz € Fand 0 < r < 3. (3.5)
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Since Dy, (1, z) < oo for x € F, we see that

Dy(u, R\ F,r) = limsup PR\ )N fr —r 2 +1))

b )
= lim sup p(lz —rx+7r]) wl((R\ F)N [z —r,xz+7])
710 h(r) (@ —rz + 1))

wW(R\ F)Nx—rxz+r])

) ’}ﬂ[’l ([ —r,x+7]) 0
for p-almost all x € F' (see [12, Corollary 2.14]). This yields
Eh(ﬂaFﬂ[ZL’,OO[,x) = lim sup M(Fﬂ [ZE,ZL’—I—T])
rl0 h(r)
. [z, x + 7)) u((R\F)ﬂ[m,err]))
= limsu _
o ( h(r) h(r)
= Eh(:u> [.Z', OO[, ilj’)

for p-almost every x € F. Thus we may find x € F and 0 < r < r3 so that
wF Nz, + 7)) > ch(r). If 2z = max(F N [z,z + r]), then p([z —r,z2]) >
w(EF N x,x +r]) > ch(r) contrary to (3.5). O

Remarks 3.2. 1. A slight modification in the argument shows that the constant
1/2 in Theorem 3.1 may be replaced by liminf, o h(r)/h(2r). Of course, this is
an improvement only in the case when liminf, o h(r)/h(2r) > 1/2.

2. If h(r) =r* (0 < s < 1), then combining the above remark and the density
bound Dj(H*, A, z) > 1 for H*-almost all x € A provided 0 < H*(A4) < oo
yields Dy, (H*L A, [z, 00, 2) = Dy (H*L A,] — 00, ], ) > 27° which is still weaker
than (1.2). However, if h : [0,ro[— [0,00[ is a function with ~A(0) =0, A C R
with 0 < Hp(A) < oo, then the proof given in [1] in the case h(r) = r® may be
generalised to show that Dy, (Hy, L A, [z, 00[,z) = Dp(HuL A,] — o0, x],2) = 1 for
Hp-almost all z € A.

3. The above proof relies strongly on the geometry of the real line and rather
different methods are needed when proving upper conical density theorems for
measures in higher dimensions.

4. Theorem 3.1 is meaningful in all cases (1), (2), and (3). In particular, it says
that Dy (i, [x,00[,7) = Dy,(p,] — 00, x], ) = 0o almost everywhere if Dy, (1, z) =
oo almost everywhere. This is the case often for the measures P*L A where P? is
the s-dimensional packing measure, A C R with 0 < P*(A) < oo, and h(r) = r*.
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