
ON THE CONICAL DENSITY PROPERTIES OF MEASURESON RnVILLE SUOMALAAbstra
t. We 
ompare 
oni
al density properties and spheri
al density prop-erties for general Borel measures on Rn . As 
onsequen
e, we obtain results forpa
king and Hausdor� measures Ph and Hh provided that the gauge fun
tionh satis�es 
ertain 
onditions.One 
onsequen
e of our general results is the following: Let m;n 2 N,0 < s < m � n, 0 < � < 1, and suppose that V is an m-dimensional linearsubspa
e of Rn . Let � be either the s-dimensional Hausdor� measure or thes-dimensional pa
king measure restri
ted to a set A with �(A) < 1. Thenfor �-almost every x 2 Rn , there is � 2 V \ Sn�1 su
h thatlim infr#0 r�s� (B (x; r) \H (x; �; �)) = 0;where H (x; �; �) = fy 2 Rn : (y � x) � � > �jy � xjg.
1. Introdu
tion and notationIn this paper we study the following question: Suppose that � is a measure onRn and h : ℄0; r0[!℄0;1[ is a fun
tion su
h that for a typi
al point x the measures� (B (x; ri)) of some small balls B (x; ri) behave roughly like h (ri). What 
an besaid about measures on 
ones?Let us begin with some notation. Let � be a measure on Rn , A � Rn , andh : ℄0; r0[!℄0;1[. The lower and upper �-densities of the set A at a point x 2 Rnwith respe
t to h are de�ned byDh (�;A; x) = lim infr#0 � (B (x; r) \ A) =h (r) ;Dh (�;A; x) = lim supr#0 � (B (x; r) \ A) =h (r) ;where B (x; r) is the 
losed ball B (x; r) = fy 2 Rn : jy�xj � rg. Open balls willbe denoted by U (x; r). When A = Rn , we abbreviate Dh (�;Rn ; x) = Dh (�; x),and similarly with upper densities. Often h (r) = rs for some 0 � s � n. In this2000 Mathemati
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2 VILLE SUOMALA
ase we use the notation Ds (�;A; x) for Dh (�;A; x) and so on. For example,Ds (�; x) = lim infr#0 � (B (x; r)) =rs:Suppose that m;n 2 N are su
h that m � n. The 
olle
tion of m-dimensionallinear subspa
es of Rn is denoted by G (n;m). A natural metri
 on G (n;m) isgiven by d (V;W ) = kPV � PWk for all V;W 2 G (n;m) ;where PV is the orthogonal proje
tion onto the subspa
e V and k�k is the usualoperator norm for linear mappings. We also use the notation proji for the proje
-tions onto the 
oordinate axes. The following identity is sometimes very useful(see [18, pp. 17-20℄ for a proof):d (V;W ) = supfd (x;W ) : x 2 V \ Sn�1g; (1.1)where Sn�1 = �B (0; 1) � Rn and on the right hand side d (y; A) stands for thedistan
e from y to A. Let 
n;m be the unique Radon probability measure onG (n;m) whi
h is invariant with respe
t to the orthogonal group O (n), see [16,x3℄. Re
all that Borel regular and lo
ally �nite measures on Rn are 
alled Radonmeasures.Next we introdu
e some 
oni
al obje
ts, see also [16, x11℄. Let x 2 Rn , V 2G (n;m), � 2 Sn�1, L� = ft� : t > 0g, and 0 � � � 1. We de�neX (x; V; �) = fy 2 Rn : d (y � x; V ) < �jy � xjg;X+ (x; �; �) = fy 2 Rn : d (y � x; L�) < �jy � xjg;H (x; �; �) = fy 2 Rn : (y � x) � � > �jy � xjg;H (x; �) = H (x; �; 0) = fy 2 Rn : (y � x) � � > 0g:One easily veri�es the following equalityH (x; �; �) = X+ �x; �; �1� �2�1=2� :The H notation is often used for 
ones that are almost half-spa
es, whereas X+stands usually for a very narrow 
one.Let h : [0; r0[!℄0;1[ with h (0) = 0. Let Hh be the generalised Hausdor�measure whi
h is 
onstru
ted using the gauge fun
tion h, see [16, x4.9℄. If A � Rnhas �nite Hh measure, then for Hh-almost every x 2 ADh (Hh; A; x) � lim supr#0 h (2r) =h (r) : (1.2)The 
orresponding result for the spheri
al density of the generalised pa
kingmeasure Ph is Dh (Ph; A; x) � lim supr#0 h (2r) =h (r) ; (1.3)whi
h is true for Ph-almost every x 2 A provided that Ph (A) <1. Inequalities(1.2) and (1.3) 
an be proved with similar arguments as in the familiar 
ase



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 3h (r) = rs, see [16, theorems 6.2, 6.10℄. The de�nition of Ph 
an be found forexample in [3, de�nition 2.2℄. When h (r) = rs for some 0 � s � n, the 
ommonnotations Hs and Ps are used for Hh and Ph, respe
tively.We will now dis
uss some 
oni
al density results that are known for Hausdor�measures. We begin with the following theorem on lower densities. If � is ameasure on Rn and A � Rn , the notation � A stands for the restri
tion measure,that is � A (B) = � (A \ B) for all B � Rn .Theorem 1.1. Assume that 0 < s < n and A � Rn with Hs (A) <1.(1) If � > 0, then for Hs-almost all x 2 A, there exists � = � (x) 2 Sn�1 su
hthat Ds (Hs A;H (x; �; �) ; x) = 0.(2) If 0 < s < 1 and � 2 Sn�1, then Ds (Hs A;H (x; �) ; x) = 0 for Hs-almost all x 2 A.(3) If n� 1 < s < n, then (1) holds also with the value � = 0.Marstrand [10, pp. 293{297℄ proved Theorem 1.1 in R2 and his method 
an begeneralised to higher dimensions, see also [4, pp. 56{61℄. Besi
ovit
h [1, theorem2℄ had earlier proved (2) in R. He has also shown [2, theorem 13℄ that if A � R2is purely 1-unre
ti�able and � 2 S1, then D1 (H1 A;H (x; �) ; x) = 0 for H1-almost all x 2 A. Gillis [7℄ had earlier proved this for 
ones H (x; �; �), when� > 0. Mattila [13℄ studied h-densities of singular measures in R and obtainedas a 
orollary a result somewhat similar to (2) [13, 
orollary 9℄.Theorem 1.1 (1) does not hold for all � 2 Sn�1, see example 2.5. Re
entlyLorent [9℄ showed that one 
an 
hoose dire
tions � in (1) to lie on a �xed (n� 1)-dimensional linear subspa
e of Rn provided that either s = n�1 and A is purely(n� 1)-unre
ti�able or s < n� 1. In Se
tion 2 we shall pro
eed in this dire
tionby showing that for all m 2 N , m � n, the following is true: If A � Rn withHs (A) < 1 and either s = m and A is purely m-unre
ti�able or s < m,then the dire
tions � in (1) 
an be 
hosen to lie on a �xed m-dimensional linearsubspa
e. We will also prove the 
orresponding result for the s-dimensionalpa
king measure Ps when 0 < s < m. Moreover, our results 
an be applied tomany other measures with the property Dh (�; x) <1 for �-almost all x 2 Rn ,see Theorems 2.1 and 2.2. One 
ould also modify Marstrand's methods from [10℄to prove 
laims (1) and (2) of Theorem 1.1 for measures Ps.Con
erning upper 
oni
al densities for Hausdor� measures the fundamentaltheorem is as follows:Theorem 1.2. Suppose that m 2 N, m < s < n, 0 < � � 1, and A � Rn withHs (A) <1.(1) If V 2 G (n; n�m), thenDs (Hs A;X (x; V; �) ; x) > 
 = 
 (n;m; �) > 0for Hs-almost all x 2 A.



4 VILLE SUOMALA(2) If m = n� 1 and � 2 Sn�1, thenDs �Hs A;X+ (x; �; �) ; x� > 
 = 
 (n; s; �) > 0for Hs-almost all x 2 A.The pre
eding theorem is also due to Marstrand [10, theorem IX℄ in R2 . Salli[18℄ generalised Marstrand's result to Rn and proved also a 
orresponding resultfor 
ones generated by open sets G � G (n; n�m) or S � Sn�1. Mattila [14,theorem 3.3℄ went even further by proving a very general upper density theoremfor Hausdor� measures. Besi
ovit
h [1, theorem 2℄ has shown that if 0 < s < 1and A � R is Hs measurable with Hs (A) < 1, then Ds (Hs A; ℄x;1[; x) =Ds (Hs A; ℄�1; x[; x) = 1 for Hs-almost all x 2 A.There are also upper 
oni
al density results for purely m-unre
ti�able sets.Besi
ovit
h showed in [2, theorem 8℄ that if l 2 G (2; 1), 0 < � < 1, and A � R2 ispurely 1-unre
ti�able, then D1 (H1 A;X (x; l; �) ; x) > 
 (�) > 0 for H1 almostevery x 2 R2 . He also gave an example [2, p. 327{328℄ to illustrate that the aboveassertion is not true for the one sided 
ones X+ (x; �; �). Federer [6, theorem3.3.17℄ gave a generalisation of the above result. See also [16, 
orollary 15.16℄.In Se
tion 3 we shall dis
uss how Theorem 1.2 
an be generalised for pa
kingmeasures, or more generally, for measures � su
h that Dh (�; x) is �nite �-almosteverywhere, with a suitable fun
tion h.The above mentioned 
oni
al density theorems have been used in various dif-ferent ways. Let us brie
y explain some of them. Marstrand ([10℄, [11℄, [12℄)used 
oni
al density arguments to prove the fairly deep fa
t that for non-integralvalues of s there are no Radon measures � so that the positive and �nite density,limr#0 � (B (x; r)) =rs, would exist in a set of positive �measure. Mattila [14℄ usedhis upper density result to �nd an upper bound for the dimension of stronglyporous sets. Theorem 1.1 (1) and Lorent's [9℄ generalisation of it 
an also be usedto give some light on the problem of 
hara
terising removable sets for harmoni
fun
tions, see [17℄ and [9℄. Note also that if Hs (A) < 1 and Ds (Hs; A; x) > 0almost everywhere, then Theorem 1.1 (1) is equivalent to the following state-ment: If � = Hs A, then for �-almost every x, there is a tangent measure of� at x whi
h is supported on one side of some (n� 1)-plane V 2 G (n; n� 1).This property is sometimes very useful, see for example [16℄.Throughout this paper we shall deal only with Borel measures. This is onlyfor 
onvenien
e, as it is readily seen that our results remain true for generalmeasures. 2. Lower densitiesThe main result of this se
tion is the following theorem. It generalises thetheorem of Lorent [9, theorem 1℄ in several di�erent ways: Instead of rs we
an have more general density fun
tions and instead of only (n� 1)-planes we
an have m-planes for any integer 0 < m < n. Maybe the most important



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 5improvement, however, is that we only need to assume Dh (�; x) < 1 and notDh (�; x) < 1. Lorent's method might work for measures with Dh (�; x) < 1,but also in this 
ase our proof is simpler. In 
ase Dh (�; x) < 1 the method ofLorent would not work, but the idea of using proje
tion arguments in our proofwas gotten from his proof.Theorem 2.1. Let m;n 2 N with m � n. Assume that h : ℄0; r0[!℄0;1[ ful�lsthe following three 
onditions:limr#0 h (r) = 0; (h1)limr#0 h (r) =rm =1; (h2)h (r1) + h (r2) � h�(rm1 + rm2 )1=m� whenever rm1 + rm2 � rm0 : (h3)Suppose that V 2 G (n;m), � > 0, and � is a Borel measure on Rn withDh (�; x) < 1 for �-almost all x 2 Rn . Then for �-almost all x 2 Rn , there is� = � (x) 2 V \ Sn�1 su
h that Dh (�;H (x; �; �) ; x) = 0.If above m = 1, then we 
an say a little bit more. The following theoremshould be 
ompared with Theorem 1.1 (2).Theorem 2.2. Assume that h : ℄0; r0[!℄0;1[ ful�ls the assumptions (h1){(h3)of Theorem 2.1 with m = 1. If � 2 Sn�1 and � is a Borel measure on Rn su
hthat Dh (�; x) < 1 for �-almost all x 2 Rn , then Dh (�;H (x; �) ; x) = 0 for�-almost all x 2 Rn .Before the proofs, let us make some remarks 
on
erning Theorems 2.1 and 2.2If 0 < s < m, h (r) = rs, and � = Hs A, where A is a subset of Rn withHs (A) < 1, then the assumptions of Theorem 2.1 are 
learly satis�ed, re
all(1.2). If in addition s < 1, then the assumptions of Theorem 2.2 are valid. Aboveone 
an also repla
e Hausdor� measures by pa
king measures. Hen
e we have:Corollary 2.3. Let � be either Hs or Ps, and let A � Rn with � (A) <1.(1) If � > 0, 0 < s < m, and V 2 G (n;m), then for �-almost all x 2 A,there is � = � (x) 2 V \ Sn�1 su
h that Ds (� A;H (x; �; �) ; x) = 0.(2) If 0 < s < 1 and � 2 Sn�1, then Ds (� A;H (x; �) ; x) = 0 for �-almostall x 2 A.There are also many other fun
tions than rs to whi
h Theorems 2.1 and 2.2 
anbe applied. For example h (r) = rs log (1=r) ful�ls (h1){(h3) when 0 < s � m.Also, if h is di�erentiable with non-in
reasing derivative, and satis�es (h1), then(h2) and (h3) are valid with m = 1. Using density bounds (1.2) and (1.3), wesee that the statements of Corollary 2.3 remain true if we let � to be Hh or Phprovided that h (0) = 0 and that h ful�ls (h1){(h3) (with m = 1 in (2)).



6 VILLE SUOMALAIf in Theorem 2.1 or 2.2 also Dh (�; x) > 0 for �-almost every x, then thedensities Dh (�;H (x; �; �) ; x) 
an be repla
ed by D� (H (x; �; �) ; x), whereD� (H (x; �; �) ; x) = lim infr#0 � (H (x; �; �) \ B (x; r)) =� (B (x; r))is the 
oni
al density with respe
t to �.The assertion (3) of Theorem 1.1 follows from Theorem 1.1 (1) together withthe following observation: If n � 1 < s < n, 0 < Hs (A) < 1, and � 2 Sn�1,then (1.2) implies thatlim�#0 Ds (Hs A;H (x; �) nH (x; �; �) ; x) = 0 (2.1)for Hs-almost all x 2 A. It remains open, if assertion (3) of Theorem 1.1 is validfor pa
king measures. However, if we know that the assumptions of Theorem 2.1hold, Dh (�; x) <1 for �-almost every x 2 Rn , andlim inf�#0 lim supr#0 �1�nh (� r) =h (r) = 0; (2.2)then we 
an prove, with the help of Theorem 2.1 and a generalisation of (2.1),that for �-almost every x 2 Rn , there is � 2 Sn�1 so that Dh (�;H (x; �) ; x) = 0.The 
ondition (2.2) is valid for example if n� 1 < s < n and h (r) = rs log (1=r).Condition (h3) may be weakened a little bit. It suÆ
es to assume that thereis a 
onstant 0 < 
 � 1 su
h that1Xi=1 h (ri) � 
 h0� 1Xi=1 rmi !1=m1A whenever 1Xi=1 rmi � rm0 : (2.3)This is immediate 
orollary to the following lemma.Lemma 2.4. If h : ℄0; r0[!℄0;1[ ful�ls inequality (2.3), then there is a fun
tioneh that satis�es (h3) and inequalities 
 h � eh � h.Proof. De�ne eh (r) = inffPi h (ri) : Pi rmi = rmg. Now the desired properties
learly hold for eh. �Assumptions (h1) and (h2) for the fun
tion h in Theorems 2.1 and 2.2 arewell justi�ed but it is natural to ask whether assumption (h3), or (2.3), is reallyneeded. In example 2.12 we shall 
onstru
t a Radon measure � and a fun
tion hwhi
h show that assumptions (h1) and (h2) alone are not enough to guaranteethe assertions of Theorems 2.1 and 2.2. Of 
ourse, this does not ex
lude thepossibility that assumption (h3) 
ould be weakened and as P. Mattila pointedout to me, it is an interesting question whether it 
an be repla
ed by a doubling
ondition on h, see Theorem 3.1.Theorem 2.1 is in a sense sharp for Hausdor� measures. This is shown by thefollowing simple example.



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 7Example 2.5. The assertion of Theorem 2.1 is not valid for measures Hs A,where Hs (A) < 1, and m � s � n: Consider a Cantor set C � Rn�m su
hthat 0 < Hs�m (C) < 1. Let A = (U (0; 1) \ Rm) � C � Rn , � = Hs A, and0 � � < 1. Then Ds (�;H (x; �; �) ; x) > 0 for all x 2 A, and � 2 V \Sn�1, whereV = fx 2 Rn : proji x = 0 for all i = m + 1; : : : ; ng 2 G (n;m).The following simple lemma is essential in our proofs.Lemma 2.6. Assume that � is a Borel measure on Rn , A � Rn is a Borel set,and h : ℄0; r0[!℄0;1[. If for �-almost every x 2 A, there is r > 0 su
h that� (B (x; r)) <1, then for �-almost all x 2 A(1) Dh (�;A; x) = Dh (�; x),(2) Dh (�;A; x) = Dh (�; x).Proof. We prove (1). Claim (2) 
an be established similarly. Be
ause �-almostall points of A are 
ontained in a 
ountable union of open balls, ea
h of �nite �measure, we may assume that � is �nite.Clearly Dh (�;A; x) � Dh (�; x) for all x 2 A. It is well known (see [16,
orollary 2.14℄, for example) thatlimr#0 � (B (x; r) \ A) =� (B (x; r)) = 1for �-almost every x 2 A. Take su
h a point x and �x radii ri # 0 su
h that� (B (x; ri) \ A) =h (ri) �! Dh (�;A; x)as i!1. Now� (B (x; ri))h (ri) = � (B (x; ri) \ A)h (ri) � (B (x; ri))� (B (x; ri) \ A) �! Dh (�;A; x)as i!1 and thus Dh (�;A; x) � Dh (�; x). �Proof of Theorem 2.2. We may assume that � = e1 = (1; 0; : : : ; 0). Let �; � 2℄0;1[ and de�neA = fx 2 Rn : � (B (x; r) \H (x; �)) � �h (r) for all 0 < r < �g: (2.4)We will begin by showing that A is a Borel set. Let us state this as a lemma forlater use.Lemma 2.7. A is a Borel set.Proof of Lemma 2.7. Using assumptions (h1) and (h3), it is easily seen that if0 < r < r0 and qi " r as i!1, thenlim infi!1 h (qi) � h (r) :Using this one obtainsA = \0<q<�q2Q fx 2 Rn : � (U (x; q) \H (x; �)) � �h (q)g :



8 VILLE SUOMALAFix q > 0. It remains to show that the mappingf : x 7! � (U (x; q) \H (x; �))is lower semi
ontinuous. Given x 2 Rn and " > 0, we 
an 
hoose Æ > 0 su
h that� (fy 2 U (x; q) \H (x; �) : d (y; � (U (x; q) \H (x; �))) > Æg) > f (x)� ";giving f (y) > f (x)� " for all jy � xj < Æ. �We 
ontinue to prove Theorem 2.2. Suppose that F � A is 
losed. It suÆ
esto show that � (F ) = 0. Assume on the 
ontrary that � (F ) > 0. By Lemma2.6 (1), we �nd x 2 F su
h that Dh (�; F; x) = Dh (�; x) = 
 < 1. So we 
an�nd small radii r su
h that � (B (x; r)) � � (B (x; r) \ F ) � 
h (r). To be exa
t,let us �x " < �= (8
+ 4) and 0 < r < r0 su
h that � (B (x; 2r)) < 1 (re
allDh (�; x) <1) and(1� ") 
 h (r) < � (B (x; r) \ F ) � � (B (x; r)) < (1 + ") 
 h (r) ;when
e also � (B (x; r) n F ) < 2 
 " h (r) : (2.5)Let 
 > 0. A

ording to assumption (h2), there is � > 0 su
h that r < 
 h (r),whenever 0 < r < �. We 
an now apply Vitali 
overing theorem [6, 
orollary2.8.15℄ to the 
olle
tionfB (z; �) : z 2 F \B (x; r) ; � < minfr; �; �ggto �nd disjoint balls Bi = B (zi; ri) for i = 1; : : : ; N from this 
olle
tion su
hthat � (B (x; r) \ F ) n N[i=1Bi! < "h (r) : (2.6)We may assume that x 2 SNi=1Bi. Sin
e � (B (x; 2r)) < 1, redu
ing 
 enough,and using (2.4), we are led to the estimateNXi=1 ri < 
 NXi=1 h (ri) � 
 NXi=1 � (Bi \H (zi; �)) =� � 
� (B (x; 2r)) =�< r=8: (2.7)We now 
hoose points xi 2 Bi \ F for i = 1; : : : ; N su
h thatproj1 (xi) = maxfproj1 (y) : y 2 Bi \ Fg:Let Ui denote the open ball that has double radius but same 
entre as Bi.Next we sele
t re
ursively disjoint points y1; : : : ; yl 2 fxigNi=1 and radii d1; : : : ; dlfor some l � N as follows (see �gure 1 to get some idea of the 
onstru
-tion): Take y1 2 fxigNi=1 su
h that proj1 (y1) = maxi=1;:::;N proj1 (xi), and de�ned1 = maxf0; r � jx � y1jg. If points y1; : : : ; yk and radii d1; : : : ; dk have beensele
ted, let 0 < ak � jx� ykj � dk be the greatest radius su
h that �B (x; ak) \SNi=1 Ui = ; (If su
h an ak does not exist, then we �nish our sele
tion). We now



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 9
e1

d2

d3

d1

y3

y1

y2

B(x,r)

xFigure 1. Sele
tion of points yi and radii di. Above the grey ballsare the balls Ui.
hoose yk+1 2 B (x; ak) \ fxigNi=1 su
h that proj1 (yk+1) = maxfproj1 (xi) : i =1; : : : ; N and xi 2 B (x; ak)g and de�ne dk+1 = ak � jx � yk+1j. When this se-le
tion terminates, we have de�ned points y1; : : : ; yl and radii d1; : : : ; dl for somel � N . As a result of the above 
onstru
tion, and with the help of (2.7), we getr � NXi=1 4ri + lXi=1 2di � r=2 + 2 lXi=1 di:Therefore, we may make numbers di small enough to satisfylXi=1 di = r=4: (2.8)It also follows from the 
onstru
tion that for all i = 1; : : : ; l,B (yi; di) \H (yi; �) \ F \ N[j=iBj = ;: (2.9)We are now ready to estimate the measure of B (x; r) nF . Using the fa
t thatthe half balls B (yi; di)\H (yi; �) � B (x; r) are disjoint, (2.9), (2.4), (2.6), (2.8),
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{x}+(V   B(0,r)) 

η2η2

y

Y (x,(1−    )  /   ,r)    V
1/2θB(y,    r)    H(y,  ,   ) η

η

xθ

Figure 2. See lemma 2.8.(h3), and the de�nition of ", we dedu
e� (B (x; r) n F )� lXi=1 � (B (yi; di) \H (yi; �))� � B (x; r) \ F n N[i=1Bi!> � lXi=1 h (di)� " h (r) � �h (r=4)� " h (r)� (�=4� ") h (r) > 2 
 " h (r) :This 
ontradi
ts (2.5). �Several geometri
al lemmas are needed for the proof of Theorem 2.1. Beforethem, let us de�ne one more 
oni
al obje
t. If V 2 G (n;m), x 2 Rn , � > 0, andr > 0, thenYV (x; �; r) = fy 2 Rn : jPV ? (y � x)j � � (r � jPV (y � x)j)gIt follows readily from the above de�nition that if y 2 YV (x; �; r), thenYV (x+ PV ? (y � x) ; �; jPV (y � x)j) � YV (x; �; r) ; (2.10)and if y 2 fxg + V with jy � xj � r, thenYV (y; �; r� jy � xj) � YV (x; �; r) : (2.11)See �gure 2 for the following lemma.Lemma 2.8. Let 0 < � < 1, r > 0, V 2 G (n;m), x 2 Rn , y 2 fxg +(�B (0; r) \ V ), and � = (x� y) =jx� yj, thenB �y; �2r� \H (y; �; �) � YV �x; �1� �2�1=2 =�; r� :Proof. In this proof we denote proji (z) by zi. We may assume without loss ofgenerality that r = 1, y = 0, x = e1, and also that V = fz : zi = 0 for all i =m + 1; : : : ; ng.



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 11Fix z 2 B (0; �2) \ H (0; �; �). Then z � � = z1 > �jzj, and it follows thatz21 (1� �2) =�2 > nPi=2 z2i . Using this, we dedu
ejPV ? (z � x)j =  nXi=m+1 z2i!1=2 <  z21 �1� �2� =�2 � mXi=2 z2i!1=2 : (2.12)We also have r � jPV (z � x)j = 1� (1� z1)2 + mXi=2 z2i!1=2 : (2.13)The assertion follows from (2.12) and (2.13), if we show that z21 1� �2�2 � mXi=2 z2i!1=2 � (1� �2)1=2� 0�1� (1� z1)2 + mXi=2 z2i!1=21A : (2.14)The proof of (2.14) is elementary 
al
ulation, but we give some details for
onvenien
e. Note �rst that z21 (1� �2) =�2 �Pmi=2 z2i > 0 by (2.12) and also(1� z1)2+Pmi=2 z2i < 1 sin
ePmi=1 z2i � jzj2 � jzj�2 < jzj� < z1 gives (1� z1)2+Pmi=2 z2i < 1 � z1 + z21 , and 0 < z1 < 1. Multiplying both sides of (2.14) by�= (1� �2)1=2, taking squares, and reordering terms, it redu
es to2 (1� z1)2 + mXi=2 z2i!1=2 � 2 (1� z1) + �1� �2��1 mXi=2 z2i :Taking squares again, we see that this is equivalent to4 mXi=2 z2i �  4 (1� z1) = �1� �2�+ �1� �2��2 mXi=2 z2i! mXi=2 z2i :The above inequality is 
learly true, sin
e jzj � �2 implies 1� z1 � 1� �2. �Lemma 2.9. Suppose that V 2 G (n;m), F � Rn is a 
losed set, and x 2 Fsu
h that Hm (PV (F \ YV (x; �; r))) = 0. Then there is a disjoint 
olle
tionfYi = YV (xi; �; ri)gi su
h that Pi rmi � 10�mrm, and Yi � YV (x; �; r) for all i.Furthermore, 
ones Yi ful�l:F \ fz 2 Yi : jPV (z � xi)j < rig = ;; (2.15)F \ fz 2 Yi : jPV (z � xi)j = rig 6= ;: (2.16)Proof. We may assume without loss of generality that x 2 V . We will prove thatif y 2 (V \B (x; r=2)) n PV (F \ YV (x; �; r)), then there is a 
one YV (z; �; Æ) �YV (x; �; r) whi
h satis�es the 
onditions (2.15) and (2.16) and for whi
h y 2PV (YV (z; �; Æ)). The assertion follows then from this by applying the 5r-
overingtheorem [16, theorem 2.1℄ to the proje
tions PV (YV (z; �; Æ)).
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Figure 3. See lemma 2.9.
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x
x3

{x}+V

V
1/2 ηY  (x,(1−    )  /   ,r)    η2

Figure 4. The setting of lemma 2.10. The bigger 
ones are foundby lemma 2.9 and the smaller ones (the grey ones) inside them aregiven by lemma 2.8.Fix y 2 (V \ B (x; r=2)) n PV (F \ YV (x; �; r)). Then there exists a radius0 < Æ < jy� xj su
h that F \ intYV (y; �; Æ) = ; but F \ �YV (y; �; Æ) 6= ;. Takez 2 F \ �YV (y; �; Æ) su
h thatjPV (z � y)j = minfjPV (v � y)j : v 2 F \ �YV (y; �; Æ)g: (2.17)Let (see �gure 3) Y = YV (y + PV ? (z � y) ; �; jPV (z � y)j) :Clearly y 2 PV (Y ). By (2.10), and (2.11), we getY � YV (y; �; Æ) � YV (x; �; r) :Now (2.17) implies that 
ondition (2.15) holds for Y . Also 
ondition (2.16) isvalid for Y , sin
e z 2 F \fw 2 Y : jPV (w � (y + PV ? (z � y)))j = jPV (z � y)jg.This 
ompletes the proof. �The next lemma follows dire
tly from Lemmas 2.9 and 2.8, see �gure 4.Lemma 2.10. Let V 2 G (n;m), and 0 < � < 1. Suppose that F � Rn is a
losed set, and x 2 F su
h thatHm �PV �F \ YV �x; �1� �2�1=2 =�; r��� = 0:



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 13Then there are disjoint 
onesB (xi; ri) \H (xi; �i; �) � YV �x; �1� �2�1=2 =�; r� n Fsu
h that xi 2 F , �i 2 V \ Sn�1 for all i and Pi rmi � 10�m�2mrm.Proof of Theorem 2.1. We may assume, as in Lemma 2.6, that � is �nite. Weshall �rst prove that for all numbers �; � 2℄0; 1[, and 0 < � < r0, the setA = fx :� (B (x; r) \H (x; �; �)) � � h (r)whenever 0 < r < � and � 2 V \ Sn�1gis of � measure zero and then show how this implies our theorem.By modifying the proof of Lemma 2.7, it is rather easy to see that A is aBorel set. Hen
e it is suÆ
ient to show that if F � A is 
losed, then � (F ) = 0.Assume on the 
ontrary that � (F ) > 0. Using Lemma 2.6 (1), we �nd x 2 Fsu
h that Dh (�; F; x) = Dh (�; x) = 
 < 1. For te
hni
al reasons, we assumethat 10�1�3 = 2�k=m for some k 2 N. By iteration of assumption (h3), we obtaina 
onstant 
0 > 0 that depends only on � and m (one 
an take 
0 = 2�k) su
hthat h �10�1�3r� � 
0 h (r) (2.18)whenever r < r0. Let 0 < " < � 
0= (2
). As in the proof of theorem 2.1, we �nd0 < r < � su
h that
 (1� ")h (r) < � (B (x; r) \ F ) � � (B (x; r)) < 
 (1 + ")h (r) :Then also � (B (x; r) n F ) < 2" 
 h (r) : (2.19)Our next step is to prove thatHm (B (x; r) \ F ) = 0: (2.20)Let 
 > 0. Using (h2), and the 5r-
overing theorem [16, theorem 2.1℄, it ispossible to sele
t a 
olle
tion of disjoint balls,fBi = B (xi; ri) : xi 2 B (x; r) \ F and rmi < minf�m; 
 h (ri) =5mgg;su
h that B (x; r) \ F � SiB (xi; 5ri). We obtainXi (5ri)m < 
Xi h (ri) < 
Xi � (Bi) =� < 
 � (B (x; r + 1)) =�:Sin
e the right hand side of the above inequality tends to zero as 
 # 0, thisyields (2.20).Sin
e proje
tions 
annot in
rease Hausdor� measure, we observe thatHm (PV (B (x; r) \ F )) = 0: (2.21)Using the in
lusion YV �x; �1� �2�1=2 =�; �r� � B (x; r)
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ombined with Lemma 2.10, we �nd disjoint 
ones B (xi; ri) \ H (xi; �i; �) �B (x; r) n F su
h that xi 2 F , �i 2 V for all i, and furthermoreXi rmi = 10�m�3mrm:Using the de�nition of A, the above fa
t 
ombined with (h3), (2.18), and our
hoi
e of ", we get� (B (x; r) n F ) � 1Xi=1 � (B (xi; ri) \H (xi; �i; �))� � 1Xi=1 h (ri) � � h �10�1�3r�� � 
0 h (r) > 2" 
 h (r) :This 
ontradi
ts (2.19) and thus � (A) = 0.Fix � > 0 and numbers �i > 0 su
h that �i # 0 as i ! 1. We 
an now �ndfor �-almost every x 2 Rn dire
tions �i 2 V \ Sn�1, and numbers ri > 0 su
hthat ri # 0 as i!1, and� (B (x; ri) \H (x; �i; �=2)) < �i h (ri) (2.22)for all i. Suppose that (2.22) holds for x. By 
hoosing a suitable subsequen
e, wemay assume that �i ! � 2 V \Sn�1 as i!1 and thatH (x; �; �) � H (x; �i; �=2)for all i. Combined with (2.22), this 
ompletes the proof. �The last theorem of this se
tion deals with purely m-unre
ti�able sets. Asmentioned before, it has been proved by Gillis [7℄ when n = 2 and by Lorent [9℄when m = n� 1. We re
all that a set A � Rn is 
alled purely m-unre
ti�able ifHm (A \ E) = 0 whenever E is a Lips
hitz image of Rm .Theorem 2.11. Suppose that A � Rn is purely m-unre
ti�able with Hm (A) <1. If � > 0, and V 2 G (n;m), then for Hm-almost all x 2 A, there is � 2V \ Sn�1 su
h that Dm (Hm A;H (x; �; �) ; x) = 0.If m = 1 and � 2 Sn�1, then D1 (H1 A;H (x; �; �) ; x) = 0 for H1-almost allx 2 Rn .Proof. The proof is based on our proof of Theorem 2.1 and the Besi
ovit
h-Federer proje
tion theorem, see for example [16, theorem 18.1℄, whi
h says thatHm (PV (A)) = 0 (2.23)for 
n;m-almost all V 2 G (n;m).By the Borel regularity of Hm, we may assume that A is a Borel set. Thenthe assumptions of Theorem 2.1 are valid for Hm A and h (r) = rm, ex
ept for(h2). But assumption (h2) in Theorem 2.1 was only used to obtain (2.21) and ifV 2 G (n;m) is su
h that (2.23) holds, then also (2.21) holds and the proof ofTheorem 2.1 gives the assertion for V .



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 15Now �x arbitrary V 2 G (n;m). A

ording to the above fa
ts, we may 
hoosem-planes Vi 2 G (n;m) whi
h ful�l (2.23) su
h that d (Vi; V )! 0 in G (n;m) asi ! 1. For �-almost every x 2 Rn , we may 
hoose dire
tions �i 2 Vi \ Sn�1,and radii ri > 0 su
h thatHm (B (x; ri) \H (x; �i; �=2) \ A) =rmi �! 0;and ri # 0 as i!1. Using (1.1), we �nd a subsequen
e of (�i)i, whi
h we denoteby the same symbols, su
h that �i ! � 2 V \Sn�1 and H (x; �; �) � H (x; �i; �=2)for all i. The �rst assertion of the theorem follows.The se
ond statement 
an be veri�ed by modifying the argument slightly. Weomit the details, see also the dis
ussion below. �As noted in the introdu
tion, Besi
ovit
h [2, theorem 13℄ proved that whenm = 1 and n = 2, then one 
an take � = 0 in Theorem 2.11. His method 
an bemodi�ed to prove that this is true for all n 2 N . It remains unsolved, if this istrue for m > 1.Note that a simple 
ompa
tness argument on Sn�1 implies that the dire
tions� = � (x) 
an be 
hosen to be independent of � in Theorems 2.1 and 2.11.We shall �nish this se
tion by the example that was mentioned earlier in thisse
tion. We perform a modi�
ation of a 
onstru
tion that has turned out to beuseful in many 
onne
tions related to fra
tal sets and measures, see for example[15, example 4.4℄ or [8, example 3.1℄.Example 2.12. There exists a nonde
reasing fun
tion h : ℄0; 1[!℄0;1[ whi
h ful-�ls 
onditions (h1) and (h2) of Theorem 2.1 and a Radon measure � on Rn su
hthat for all � 2 Sn�1, 0 < � < 1, and for �-almost every x 2 Rn ,Dh (�; x) <1; (2.24)Dh (�;H (x; �; �) ; x) > 
; (2.25)where 
 > 0 is a 
onstant depending on �.Constru
tion. We assume that n = 1. A similar 
onstru
tion works also inhigher dimensions. The idea is to perform a Cantor-type 
onstru
tion resultingto a measure � with 0 < D1=2 (�; x) <1 and D1=2 (�; x) =1 for �-almost everyx on R. The 
onditions (2.24) and (2.25) are obtained by de�ning h so thatat some s
ales h (r) behaves like r1=2, whereas at some other s
ales h (r) is verymu
h smaller than r1=2.De�ne numbers qk and lk for k = 2; 3; 4; : : : by setting qk = 1 � 1=k2 andlk = k6. It is a simple matter to 
he
k that1Yk=2 qk > 0; (2.26)1� qk = k=l1=2k : (2.27)
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I2,1

Q2,1

R3r3

r2

r1

Q3,j

I3,j

R2

Figure 5. Constru
tion of the intervals Ii;j and Qi;j. The biggestinterval on the top is Q1;1.We also de�ne numbers rk and Rk for k 2 N by setting R1 = 1, rk = Rk=lk+1,and Rk+1 = rk=lk+1 = Rk=l2k+1. The above de�nitions imply thatl2 � � � lkR1=2k = 1: (2.28)See �gure 5 to get idea of the following 
onstru
tion. Let I1;1 = [0; 1℄ andQ1;1 = [1=2 � r1=2; 1=2 + r1=2℄. Divide Q1;1 into l2 
losed subintervals of equallength and denote them by I2;1; : : : ; I2; l2 . Note that the length of these intervals isR2. For every k = 1; : : : ; l2, let Q2;k be the 
losed interval with same 
entre as I2;kand with length r2 = R2=l3. Suppose that 
losed intervals Qk;i have been de�nedfor every i = 1; : : : ; l2 � � � lk. Divide every intervalQk;i into lk+1 
losed subintervalsof equal length and denote all these intervals by Ik+1;1; : : : ; Ik+1;l2���lk+1 . For everyi, letQk+1;i � Ik+1;i be a 
losed interval with same 
entre as Ik+1;i and with lengthrk+1. For every integer k � 2, this 
onstru
tion gives l2 � � � lk 
losed intervals Ik;iand Qk;i with lengths Rk and rk, respe
tively.We now de�ne h and �. For k 2 N leth (r) = ( r1=2k if rk � r < Rk;r1=2 if Rk+1 � r � rk: (2.29)The measure � is de�ned on the setA = 1\k=2 l2���lk[i=1 Ik;iby repeated subdivision, that is� (A \ Ik;i) = � (A \Qk;i) = 1= (l2 � � � lk) : (2.30)This measure 
learly extends to a Radon probability measure on R, see for ex-ample [5, proposition 1.7℄.
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Qk,iFigure 6. Constru
tion of the set Bp. The dashed intervals areleft outside Bp.Clearly limr#0 h (r) = 0 and further (re
all (2.28))lim infr#0 h (r) =r = limk!1 r1=2k =Rk = limk!1 1= (lk+1Rk)1=2= limk!1 l2 � � � lk=l1=2k+1 = limk!1 (k!)6 = (k + 1)3 =1:Thus h satis�es (h1) and (h2). By (2.28) and the de�nition of �, we dedu
e thatif x 2 A, thenlim infr#0 � (B (x; r))h (r) � lim supk!1 � (B (x;Rk))h (Rk) � 3l2 � � � lkR1=2k = 3 <1and so also (2.24) is valid.It remains to verify (2.25). For every p 2 N we de�ne a set Bp � A sothat the �rst p stages of the 
onstru
tion of Bp are similar as those of A, butafter this some (small) amount of intervals Ik;i are left outside Bp at ea
h stage.To be pre
ise, when we divide Qk;i (k � p) into lk+1 subintervals, we leaveblk+1 (1� qk+1) =2
 (we use notation ba
 = maxfn 2 N : n � ag) leftmost andalso blk+1 (1� qk+1) =2
 rightmost of them outside Bp, see �gure 6. Formally(with a suitable enumeration of the intervals Ik;i),Bp = 1\k=p+1 ik[i=1 Ik;i;where ik = l2 � � � lp kYj=p+1 (lj � 2blj (1� qj) =2
) � l2 � � � lk kYj=p+1 qj:It follows from the above formula and (2.26), that � (Bp)! 1 = � (R) as p!1.Fix x 2 Bp and assume that � = 1. The 
ase � = �1 
an be handled similarly.Let Rk+1 � r < Rk for some k � p. Now x belongs to one of the intervals Qk;iwhi
h we denote by [�; �℄. Let d = � � x. Re
all that then d � rk.Suppose �rst that d � r < Rk, then by the de�nition ofBp, the interval [x; x+r℄
ontains at least blk+1 (1� qk+1) =2
 intervals from the 
olle
tion fIk+1;igi, see�gure 7. We 
ompute, using (2.30), (2.29), (2.27), and (2.28):
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Qk,i

d

r

α βxFigure 7� ([x; x+ r℄) =h (r) � b2�1lk+1 (1� qk+1)
 (l2 � � � lk+1)�1 r�1=2k� �2�1 (k + 1) l1=2k+1 � 1� (l2 � � � lk)�1 l�1k+1r�1=2k� 2�1k (l2 � � � lk)�1 l�1=2k+1 r�1=2k= 2�1k (l2 � � � lk)�1R�1=2k = k=2:Suppose then that Rk+1 � r < d. If r 2 [mRk+1; (m+ 1)Rk+1℄ for some m 2N , then (re
all (2.30)) � ([x; x + r℄) � m= (l2 � � � lk+1). Therefore � ([x; x + r℄) �r= (2Rk+1l2 � � � lk+1). This together with (2.29) and (2.28) gives� ([x; x + r℄) =h (r) = � ([x; x + r℄) =r1=2� (r=Rk+1)1=2 =�2l2 � � � lk+1R1=2k+1� � 1=2:We 
on
lude that Dh (�;H (x; 1) ; x) � 1=2 for all x 2 Bp. �3. Upper densitiesTheorem 1.2, and also the upper density results of Salli [18, theorems 3.1, 3.7and 3.8℄ and Mattila [14, theorem 3.3℄, are readily generalised for measures �that satisfy 0 < Ds (�; x) < 1 for �-almost every x 2 Rn . This arises from thefa
t that this kind of measures behave in small s
ales very mu
h like Hs, see [16,theorem 6.9℄. Of 
ourse, one has to repla
e the 
onstants 
 (n;m; �) and 
 (n; s; �)in Theorem 1.2 by Ds (�; x) 
 (n;m; �) and Ds (�; x) 
 (n; s; �), respe
tively.Our goal in this se
tion is to give a generalisation of Theorem 1.2 that appliesfor measures whi
h satisfy �-almost everywhere the 
ondition Dh (�; x) < 1,provided that the fun
tion h ful�ls some additional 
onditions. Our te
hnique isadapted from Salli [18, theorem 3.1℄. Noti
e that we may well have Dh (�; x) =1for �-almost every x 2 Rn .Theorem 3.1. Let h : ℄0; r0[!℄0;1[ be a fun
tion whi
h satis�es, for some 0 <
1 <1, the doubling 
ondition h (2r) < 
1h (r) : (d)Assume also that for some m 2 N and for all r < r0, 0 < t < 1:h (tr) � tmh (r) ; (h4)limr#0 h (r) =rm = 0: (h5)



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 19If � is a Borel measure on Rn su
h that Dh (�; x) <1 for �-almost all x 2 Rn ,V 2 G (n; n�m), and 0 < � � 1, thenDh (�;X (x; V; �) ; x) � 
Dh (�; x)for �-almost all x 2 Rn . Above the 
onstant 
 > 0 depends only on m;n; �, and
1.Ifm < s < n, then h (r) = rs 
learly satis�es 
onditions (d), (h4), and (h5). Sothe statement of Theorem 3.1 holds for � = Ps A, when m < s < n, h (r) = rs,and A � Rn has �nite Ps measure. Theorem 3.1 
an also be applied to measuresHh and Ph provided that h ful�ls the required assumptions, re
all (1.2) and(1.3). One 
an take, for example, h (r) = rs log (1=r), where m < s < n, orh (r) = rm= log (1=r).When talking about 
ubes in Rn we shall, hereafter, mean sets of the formfxg+ [�r; r℄n, where x 2 Rn , and r > 0. In the following proofs d (A) stands forthe diameter of the set A � Rn .Proof of Theorem 3.1. It follows from doubling 
ondition (d) that there is a 
on-stant 
2 <1 su
h thath�2 �n�m + �2=16�1=2 r� < 
2h (r) (3.1)when r > 0 is small enough. We 
an assume that this is true for all 0 < r < r0.De�ne 
 by 
 = 2�1
�12 �4m1=2��1 + 1��m : (3.2)Then 
 � 
0 (n;m; 
1) �m.We may assume that V = fx : proji x = 0 for all i = n �m + 1; : : : ; ng. FixM > 0 and de�neB = fx 2 Rn : Dh (�; x) > M and Dh (�; x) <1g:It is suÆ
ient to show that Dh (�;X (x; V; �) ; x) � 
M for �-almost all x 2 B.We will show that for any � > 0, the setF = fx 2 B : � (B (x; r) \X (x; V; �)) � 
M h (r) for all 0 < r < �gis of � measure zero. Assume on the 
ontrary that � (F ) > 0. One 
an use quitestandard methods, see Lemma 2.7, to show that F is a Borel set, and hen
e we
an assume it to be 
losed.Fix k 2 N su
h that 4m1=2=k < � � 4m1=2= (k � 1) : (3.3)A

ording to Lemma 2.6 (2), there is x0 2 F su
h that Dh (�; F; x0) > M . Wemay assume that x0 = 0. We 
an now �x r1 > 0 su
h that� ([�r1; r1℄n \ F ) > M h (r1) :
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Figure 8We will next sele
t re
ursively 
ubes Rj � Rn�m and Qj � Rm . Let R0 =[�r1; r1℄n�m and Q0 � [�r1; r1℄m su
h that ` (Q0) = 2r1=k (` (Q) denotes the sidelength of Q) and � ((R0 �Q0) \ F ) > Mh (r1) =km. Su
h a 
ube exists, be
ause[�r1; r1℄m 
an be divided into km 
ubes having side-length 2r1=k. Suppose that
ubes Rj and Qj have been sele
ted. Denote by S one of the minimal 
ubesS � Rj su
h that PV ((Rj �Qj) \ F ) � S. If` (S) > ` (Rj) =2; (3.4)then we �nish our sele
tion. Otherwise we sele
t Rj+1 � Rj su
h that S � Rj+1and ` (Rj+1) = ` (Rj) =2. We also 
hoose Qj+1 � Qj su
h that ` (Qj+1) =` (Qj) =2 and � ((Rj+1 �Qj+1) \ F ) � 2�m� ((Rj �Qj) \ F ).If j is an index su
h that Rj and Qj are sele
ted, then� ((Rj �Qj) \ F ) > 2�jmM k�m h (r1) (3.5)and (re
all (3.3))d (Rj �Qj) = 2�jd (R0 �Q0) = 2�j+1 �n +m �k�2 � 1��1=2 r1< 2�j+1 �n�m + �2=16�1=2 r1: (3.6)The next step is to show that for some index j0 our sele
tion 
omes to an end. Ifthis is not the 
ase, let fx1g = T1j=1 (Rj �Qj)\F , and denote dj = d (Rj �Qj).Let dj+1 � r < dj. Using (3.5), and (3.6), we get� (B (x1; r)) =h (r) � � ((Rj+1 �Qj+1) \ F ) =h (dj)> 2�(j+1)mMk�mh (r1) =h�2�j+1 �n�m + �2=16�1=2 r1�It follows from (h5), that the right hand side of the above inequality tends toin�nity as j !1. This yields Dh (�; x1) =1, whi
h is impossible sin
e x1 2 B.Thus, by the above argument, there is an index j0 su
h that (3.4) holds. Weabbreviate R = Rj0, Q = Qj0 and d = dj0. Pi
k y; z 2 (R�Q) \ F su
h thatproji (y � z) > ` (R) =2 for some i 2 f1; : : : ; n � mg. We will show that (see�gure 8) R�Q � X (y; V; �) [X (z; V; �) : (3.7)Let x 2 R �Q. If proji (x) � proji (y + z) =2, thenjx� zj � proji (x� z) � proji (y � z) =2 > ` (R) =4 = 2�j0�1r1:



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 21Using this and (3.3), we dedu
ed (x� z; V ) = PV ? (x� z) � d (Q) = 2�j0+1 r1 k�1m1=2 < �jx� zj:Hen
e x 2 X (z; V; �). If proji (x) < proji (y + z) =2, then by symmetry x 2X (y; V; �). Therefore (3.7) holds and we know that with x = y or x = z we have� (X (x; V; �)) � � (R �Q) =2: (3.8)Finally we 
ompute, using (3.1){(3.8), and (h4),� (X (x; V; �) \B (x; d)) =h (d)� 2�1� ((R�Q) \ F ) =h (d)> M k�m2�j0m�1h (r1) =h��n�m + �2=16�1=2 2�j0+1r1��Mk�m2�1
�12� 
M :This 
ontradi
ts the de�nition of F . �When m = n � 1 it is natural to ask whether one 
an repla
e the 
onesX (x; V; �) in the above theorem by their one half. The next theorem showsthat the answer is positive, at least with a little bit stronger assumptions on h.For example the fun
tions h (r) = rs log (1=r), where n � 1 < s < n, satisfyassumption (h6) of the following theorem.Theorem 3.2. Assume that h : ℄0; r0[!℄0;1[ is a fun
tion satisfying doubling
ondition (d). Suppose also that for some s > n�1 and for all r < r0, 0 < t < 1,h (t r) � tsh (r) : (h6)If � is a Borel measure on Rn su
h that Dh (�; x) <1 for �-almost all x 2 Rn ,0 < � � 1, and � 2 Sn�1, thenDh ��;X+ (x; �; �) ; x� � 
Dh (�; x)for �-almost all x 2 Rn , where the 
onstant 
 > 0 depends only on n; s; �, and 
1(see (d)).Proof. De�ne 
2 as in the previous proof and set
 = 
�12 �1� 2�(s�n+1)=2� �4 (n� 1) ��1 + 1�1�n :Then 
 � 
0 (n; 
1) (s� n+ 1) �n�1. We may assume that � = e1. FixM > 0 andde�ne sets B and F , numbers k and r1, and point x0 2 Rn in a 
orrespondingmanner as in the previous proof. We assume again, to simplify notation, thatx0 = 0. We begin to 
hoose intervals Ij � R and 
ubes Qj � Rn�1 by settingI0 = [�r1; r1℄ and sele
ting Q0 � [�r1; r1℄n�1 su
h that ` (Q0) = 2r1=k and� ((I0 �Q0) \ F ) > Mk1�nh (r1). Assume that Ij and Qj have been sele
ted.



22 VILLE SUOMALALet aj = inf proj1 ((Ij �Qj) \ F ) and bj = sup proj1 ((Ij �Qj) \ F ) . If the
onditions bj � aj > ` (Ij) =2; (3.9)� (([(aj + bj) =2; bj℄�Qj) \ F ) > �1� 2�(s�n+1)=2�� ((Ij �Qj) \ F ) (3.10)hold, then we �nish our sele
tion. If (3.9) is not valid, then we 
hoose Ij+1 � Ijsu
h that [aj; bj℄ � Ij+1 and ` (Ij+1) = ` (Ij) =2. We also take Qj+1 � Qj su
hthat ` (Qj+1) = ` (Qj) =2 and� ((Ij+1 �Qj+1) \ F ) � 21�n� ((Ij �Qj) \ F ) :If (3.9) holds but (3.10) does not, then we sele
t Ij+1 � Ij su
h that ` (Ij+1) =` (Ij) =2, and � ((Ij+1 �Qj) \ F ) � 2�(s�n+1)=2� ((Ij �Qj) \ F ) ;and further Qj+1 � Qj su
h that ` (Qj+1) = ` (Qj) =2 and� ((Ij+1 �Qj+1) \ F ) � 21�n2�(s�n+1)=2� ((Ij �Qj) \ F ) :For every Ij and Qj, one obtains� ((Ij �Qj) \ F ) > 2j(�n�s+1)=2M k1�n h (r1) ;d (Ij �Qj) = 2�jd (I0 �Q0) < 2�j+1 �1 + �2=16�1=2 r1:Similar reasoning as in the proof of Theorem 3.1 
ombined with assumption(h6) yields that our pro
ess of sele
ting intervals Ij and 
ubes Qj must terminate.Thus, for some index j0, sets Ij0 and Qj0 satisfy (3.9) and (3.10). Abbreviatea = aj0, b = bj0, and so on. Let y 2 (I �Q) \ F be su
h that proj1 y = a. Then[(a+ b) =2; b℄�Q � X+ (y; �; �) \B (y; d) :We obtain, as in the proof of Theorem 3.1, that� �X+ (y; �; �) \ B (y; d)� =h (d) � 
M:This leads to a 
ontradi
tion. �Let 0 < � <1. It is 
lear from the proofs that assumptions (h4) and (h6) inTheorems 3.1 and 3.2 
an be weakened to h (tr) � �tmh (r) and h (tr) � �tsh (r),respe
tively. It also suÆ
es to assume that these 
onditions hold when 0 < t < �for some � > 0. However, under these slightly weaker assumptions, 
onstant 
will depend also on numbers � and �.On the real line the question of upper densities is easier. We state the followingtheorem without a proof. A somewhat similar 
al
ulation as that of [13, theorem7℄ applies.



ON THE CONICAL DENSITY PROPERTIES OF MEASURES ON Rn 23Theorem 3.3. If � is a lo
ally �nite Borel measure on R, then for any h : ℄0;1[!℄0;1[, Dh (�; [x;1[; x) = Dh (�; ℄�1; x℄; x) � Dh (�; x) =2for �-almost every x 2 R.The lo
al �niteness of � in the above result 
an be repla
ed, for example, byassuming that � (fxg) = 0 for every x 2 R, and Dh (�; x) < 1 for �-almost allx 2 R.If � is a measure on Rn , A � Rn , and x 2 Rn , we de�neD� (A; x) = lim supr#0 � (B (x; r) \ A) =� (B (x; r)) :If 0 < Dh (�; x) < 1 for �-almost every x 2 Rn in Theorems 3.1 and 3.2,then they 
an be used to obtain positive lower bounds for the upper densitiesD� (X (x; V; �) ; x) and D� (X+ (x; �; �) ; x). Under the same 
ondition, theorem3.3 gives positive lower bounds for D� ([x;1[; x) and D� (℄�1; x℄; x).A
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